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PREFACE 

The present volume is in many respects a companion volume to the earlier 
Colloquium Publication of Paley and Wiener. The same tools are used in both. 
(See Appendix.) Certain topics such as the closure of trigonometric sequences 
and some problems of P61ya are treated in both. The technique of the Fourier 
transform in the complex domain developed in Paley and Wiener has, in the 
present volume, been further extended in the solution of such problems as the 
general unrestricted gap Tauberian theorem. 

The contents break up into four parts. Large portions of the first two parts 
have appeared in various journals during the past four years. The last two 
parts consist almost entirely of new material. The first part consists of Chap¬ 
ters I, II, III, and IV; the second part of Chapters V, VI, VII; the third part of 
Chapters VIII, and IX; and the fourth part of Chapters X, XI, and XII. 

The present volume covers the various topics considered in some detail, 
most results being “best possible.” Nevertheless for many of the topics treated 
there are several directions for further work in refining or developing these topics. 

I am very much indebted to Professor J. D. Tamarkin for the painstaking 
manner in which he has examined and criticized this book. 

Norman Levinson 

Massachusetts Institute of Technology 
Cambridge, Massachusetts 
June 24, 1939 
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CHAPTER I 

ON THE CLOSURE OF I 


1. Introduction. Among the basic facts known about the sequence of func¬ 
tions \e inx } } -*> < n < co, are 

1. \e inx \, - co < n < co, is closed over (-t, t); that is, if f(x) tL(-^ r, t) 
then 

f f(x)e %nx dx = 0, - oo < n < 


implies that/(a) is a null function. 

2. To a function f(x) e L(-t, r) there belongs the Fourier series 


a n e 



This series will under certain conditions converge to the function/(x), and under 
other conditions; although it may diverge, can nevertheless be summed to the 
function fix). 

In the first four chapters we shall generalize these properties of {e tni } to 
sequences {e tXn *} with various conditions on {A n *}. As is often the case these 
general results will, among other things, lead us back to certain properties of 
expansions in {c tni j. 

The closure of {e tlnX \ can be related at once to theorems on analytic func¬ 
tions. For suppose that a sequence {e tXna: } is not closed. This means that 
there is at least one function, /( x) t not equivalent to zero such that for all \ n 
of the sequence 

I* f(x)e a "*dx = 0. 


Clearly 


F(w) = [j(x)e ia 


dx 


is an entire function and F(X n ) = 0. Thus the study of closure amounts to the 
study of the zeros of certain entire functions. 1 

Theorems on closure lead at once to gap theorems. 2 For suppose a function 

1 This fact was first pointed out by Sz&sz, Mathematische Annalen, vol. 77 (1916), p. 482. 

2 This was first pointed out by Paley and Wiener, Fourier Transforms in the Complex 
Domain , American Mathematical Society Colloquium Publications, vol. 19, 1934, Theo¬ 
rem XXXVI. 
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f(x) which vanishes over (r - L, x), L > 0, is expanded into a Fourier series, 
that is, 


A gap condition asserts that certain a n are zero; that is, = 0 for a sequence 
of integers {X fl }. From the definition of a n this implies that 

dx = 0. 

Thus we are back to the question of closure. In this way every theorem on 
closure will have as a corollary a gap theorem which will assert that if certain a n 
in the Fourier series of }{x) are zero then /( x) cannot vanish over an interval 
of length L (where L depends on the sequence of integers for which a n vanishes) 
unless f(x) vanishes identically. 

2. A closure theorem for X n > 0. The sequence of functions [e inx \ is closed 
over (— x, tt) but is not closed over an interval of length 2x + « where a > 0. 
For let 


= { 0, — (x — fa) < x < (x — fa 

1, (x — fa) < x < (x + §a). 
Then f(x) is not equivalent to zero. Let 

F(w) = [ 

A simple calculation gives 


r*+al 2 


= — sin irw sin 
w 

Since sin irn = 0, it follows that F(ri) = 0, (— °o < n < <*>). That is 

[ . ~0, — oo < n < 

Since/(x) is not equivalent to zero, it follows that {e nx } is not closed over an 
interval exceeding 2?r in length. On the other hand if any term of {e inar j, 
(-oo < n < oo), is removed, the sequence ceases to be closed over the in¬ 
terval 2ir. 

We see therefore that {e tn *}, (— °° < n < oo), is closed over an interval of 
length 2x and no greater one and that it ceases to be closed over (—ir, x) if 
any term is removed. Suppose we now delete about one-half of the sequence 
[c n *}, ( — °° < n < oo), by considering the terms with positive n only. Then 
it seems likely that this sequence is closed over half as large an interval as 
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when n takes both positive and negative values, that is, over an interval of 
length t, and not over a longer one. However this is not the case. Actually 
the sequence (e tnx ), (n > 0), is closed over any interval of length less than 2tt. 
This follows from the following results. 

Theorem I. Let A (u) be the number of A n < w. Then the sequence Je tXnX }, 
(X n > 0) is dosed over an interval of length L if 

(2.01) faj»P{/' vjj + s)** 

A corollary of Theorem I is 

Theorem II. The sequence {e****}, (A» > 0), is closed over an interval of 
length L if 

(2.02) liminf^>A. 

In case X n — n, it follows at once from (2.02) that {e tnx }, (n > 0), is closed 
over any interval of length less than 2t. 

Theorem I is, in case lim n/A„, (n —> »), exists, the best test to make for the 
closure of a sequence with A n > 0. For example, it follows easily from (2.01) 
that (e lXnX ) with 

(2.03) Xn = n - n l/ \ n > 1, 

is closed over the interval 2x. 

Theorem II 3 is much weaker than Theorem I. Later it will be replaced by 
far sharper results. We shall show that limit inferior in (2.02) can be replaced 
by limit superior (and even more) and the theorem remains true. 

Proof of Theorem I. Let us assume that Theorem I is not true. Then 
(2.01) is satisfied but {e tX * x }, (X„ > 0), is not closed over ( —|L, |L). Thus 
there exists a function/(x), not equivalent to zero, such that 

/ L/2 

f(x)e iKx dx = 0. 

Lf 2 

Let 

r LI2 

F(w) = f(x)e iwx dx. 

J - L / 2 

Since {e 2rinx/L }, (— < n < «) ; is closed over (—|L, JL), F(w) cannot 

vanish at all points w 2 = 2irn/L } ( — oo < n < °o) ? for this would imply that 

3 In 1931 Polya set as a problem the proof of Theorem II with {e ±l ‘ x «*}, that is, with 
positive as well as negative X„ . P<51ya, Jahresbericht der Deutschen Mathematiker- 
Vereinigung, vol. 40 (1931), Problem 108. Many solutions have been given. 
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f(x) is zero almost everywhere. Thus F(w) is an entire function not identically 
zero. By (2.04), F {\» 2 ) = 0 for all X„ of the sequence. 

If to = re x> , then 


WO | g 


or 

Z l/2 
w 

Let w n = r n e’ 5 " denote the zeros of F(w) in the right half-plane. Applying 
Carleman’s theorem, Theorem B, 4 to F{w), we have, if w - u + iv, 


i r rl2 

4 log | F(Re ie ) \cos8d8 + A 
TK J~t/2 

where, in the proof of this theorem, we shall use A to represent any constant 
that depends only on f{x). Using (2.05), we have 


1 r r/2 

+ — / %LR 2 1 sin 28 | cos + A 

7 Til J—t/2 

t /? r 12 

/ sin 2d cos 6 dd + A 
it Jo 

2 LR 


Since w — 12 are zeros of F(w) in the right half-plane and therefore form a part 

of all the zeros, {r n e ttfn }, it follows that 


If we replace R by R 1/2 in the above inequality, it becomes 


(2.06) 



2 LR 112 
K 3tt 


+ A. 


If A (u) is the number of \ n < u, then (2.06) can be written as 


4 See Appendix. 
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Integrating by parts, we obtain 

*** < A. 

But this contradicts (2.01). Thus Theorem I is proved. 
Theorem II is a consequence of Theorem L 
Proof of Theorem II. Since 

(2.02) lim inf n/A„ > L/ 2t, 

it follows that for large n and for some e > 0, 


or for large u, u > Ro , 


A(u) > u 


Thus 


K+i 


Or 


L , \8R in 4L m 

I -0 


Thus as R oo (2.01) is satisfied and therefore (2.02) implies (2.01). This 
completes the proof of Theorem II. 

3. A closure theorem for - «> < \ n < oo. In this section 5 we shall investi¬ 
gate the closure of ( — oo < X n < »), that is, with A n taking on negative 

as well as positive values. We shall insist that our closure theorems shall 
include the well known fact that (— °o <n< oo), is closed over ( — w, ir). 
Since {e' n *}, (n > 0), is not closed over (— w, ir), we shall get a two-sided theorem 
(X„ taking on negative as well as positive values) that is not true for positive 
values of X n only. 

Certain refinements are necessary in the statement of the two-sided theorem 
which were not necessary in Theorem I. In part the reason for this is that the 
one-sided condition, (2.01), is not affected by the removal of any finite number 
of A„ whereas in our simplest example of the two-sided cases, {e nx }, 

5 Cf. Levinson, On the closure of {e* x n*}, Duke Mathematical Journal, vol. 2 (1936), p. 51. 
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(_«> <n< oo), deleting a single term affects the closure. One of the neces¬ 
sary refinements is that of closure L p . 

A set je’*’ 1 ) is said to be closed L r (-r, *) if, for any/(x) «L (-it, r), 


for all X« implies that /(x) is zero almost everywhere. 

The basic and sharpest criterion is given by 

Theorem III. Let A (u) be the number of | X, | g u. If 

(3.01) l’^du>2v-^logv-C 

for some constant C , then the set (- 00 < n < 00 ), is closed L p (-x, *), 

p ^ 1. 

A corollary of Theorem III is 


Theorem IV. If 


(3.02) 



— oo < n < oo, 


the* set {e <XnI }, if it is not closed , becomes closed in adjoining to it at most any N 
terms e ia * x , (1 ^ n £ A). In particular, then , a sufficient condition for closure 
L p (-t, r), 1, is 

(3.03) ^ M v 1 — a> < n < 


It follows from (3.03) that the sequence [e’" 1 ), (— 00 <«■<“)>' s 
L(—ir, r). [Condition (3.01) gives the even sharper result that {e***}, 
(—oo < n < oo ), is closed L(—ir, tt) if | X n | ^ I n I + (log | n |) , | n | —* 00 , 

for some 5 > 0.] 

That Theorem IV is best possible follows from Theorem V. 

Theorem V. // (3.02) is replaced by 

(3.04) |X n | < \n\ + \N , 

ic/iere 5 > 0, there exist sets {e l-x **} satisfying (3.04) which do not become closed 
when N terms are adjoined to them . Thus the inequality (3.02) is a best possible 
result. 

In connection with these theorems the following result is of interest. It 
holds with no restrictions on the {X n ). 

8 In the case of closure in L 2 (—*0, Paley and Wiener (loc. cit., chap. 6) 
the set {1, e ±iX * x } becomes closed on adjoining at most N terms if | X n — n | < iiv + |. 
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Theorem VI. If the set je ,XnI j is closed L v { — w, r), p ^ 1, it remains closed 
if we replace any \ n by some other number. 

We shall now prove these theorems. 

Proof of Theorem III. Let us suppose the theorem is not true. Then there 
exists an f(x) eL p (—ir, t) and not equivalent to zero such that 

(3.05) H(w) = [j(x)e iat dx 

vanishes for w = A n , (— <*> < n < oo). Since f(x) is not equivalent to zero, 
H(w) is not identically zero. 

Denote by n(r) the number of zeros of H (w) not exceeding r in magnitude. 
Then by Jensen’s theorem, Theorem A, 

(3.06) -- . | Hire* 

u lie 

where A will be used throughout the remainder of this section to represent 
various constants depending only on f(x) and jX n }. By (3.05) 

H(re i6 ) = 0(e rrlBin91 ). 

Using this in (3.06), we have 

(3.07) 

From this it follows, since n(u ) is an increasing function of u , that 


u 

Thus n(r ) < 4r/log 2 + A. Since {X n } form part of the zeros of H(w), 
A(r) £ n(r). Thus 

(3.08) A(r) < —- t A. 

log 2 

Let us assume that no X n is zero. (How to proceed if one of them is zero will 
be obvious.) Let 

(3.09) F(w) 

That F(w) exists follows from (3.08). Since H(w) vanishes at X n , 

<t>(w) = H(w)/F(w) 

is an entire function. If ni(r) is the number of zeros of <j>(w) not exceeding r 
in magnitude, then clearly 


fti(r) = n{r) — A (r). 
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Thus 


h u Ji u 

Using (3.01) and (3.07), it follows that 


u 

Since (p - l)/p < 1 it is clear that n x (r) = 0, or in other words that<#>(w) 
had no zeros. By the Hadamard factorization theorem, Theorem D, it follows 
that H(w) = ae^Fiw) and, in particular, that 

(3.10) ! H(iv) | = e c * | aF(iv) 

where a, b, and c are constants. 

From (3.05), for any small , > 0, 

(3.11) e~ vx \f(x)\dx. 


Using Holder’s inequality, if p > 1, 



l: 


-VXpKp—l) 


dx 


~ (p-l)lp ~ j^--T+e 


Up 


Or 


For any S we can choose an e so that 


Thus 

(3.12) e -M 

In case p = 1, (3.12) follows directly from (3.11). Thus (3.12) holds for all 
P £ L From (3.12) 
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g t | v | - V — log | o | + log (e~‘ w + «) + A. 
V 

Since S can be chosen arbitrarily small, it follows that 

lim flog | H(iv) | — r \ v | + --- log | v |) = — co . 

M-« \ V / 

Using (3.10), this gives 

(3.13) lim flog \F(iv) | + cv - t |» [ + --- log 1 1 »)) = — <». 

\ V / 

On the other hand from the definition of F(w), (3.09), 

log | F(iv) | = | jf log (1 + v*/u) d\(u). 
Integrating by parts twice gives 


Using (3.01), this becomes 

bg \F(iv) | ^ l J ^^ i {2u- v -^\ogu-A S jdu. 
Setting u — \v \ y gives 

log I F(iv) | S XI»I - V -—— log I w [ f Y T-jrziyi d V ~ A 
P Jo (i + y z y 

S x|v| - log IwI - A. 

V 

But this contradicts (3.13), and the theorem is proved. 

Proof of Theorem IV. We consider A(u) for u > N + 1. From (3.02), 

u > N - 

where [re] denotes the largest integer not exceeding x . Thus 

r r i + 2[« - jN - ( P - 

Jn+i u Jjf+i u 


u 


u —jN — (p — l)/2p — [u — — (p — l)/2 p] 
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Since * - [*] - J is periodic and has average value zero over each period, an 
integration by parts will show that the second term on the right in the above 
inequality is bounded as v —> «. Thus 


u 

(3-14) „ - 1 

> 2v - N log v - --log v- A. 

V 

Now let us add 1 V terms 1 $nZN, to {e K ‘\ and denote the new set 
by If mM represents the number of | n n | ^ % then for large u f n(u) - 

A (u) + N. Thus by (3.14) 

fi —du> 2t> - ' log v - A. 

u V 

From Theorem III it follows that je’^( is closed L p {- t, t). This completes 
the proof. 

Before proving Theorem V we shall prove Theorem VI. 

Proof of Theorem VI. Let [e 0 **] be closed and let the set consisting of 
n ^ o, together with e iax , a ^ A 0 , not be closed. Then there exists 
an f(x) e L p (—ir, ir) not equivalent to zero such that 

0, n 0, £ f(x)e iax dx = 0. 


Let us consider 

ff(x) = f{x) + t(Xo - «)«-“ £ fW" dy. 

Clearly ff (x) « V{- r, r ). Moreover, 

g(x)e iia dx = jffix)e <m dx + t(Ao - «) j£e i( “~ 0> *<fc [j(y)e ia “ dy, 

or, integrating by parts 

(3.15) fg(x)e‘-dx = ^ f f(x»'*dx. 

It follows at once from this, on setting u = A n , that for any n 

£'g(x)e a *dx = 0. 

But («***) is closed L’(-t, t), and therefore g(x) is equivalent to zero. But 
by (3.15) this means that 
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If we set u = 0, ±1, ±2, • • • , this implies that f(x) must also be equivalent to 
zero, contrary to our assumption. 

Proof of Theorem V. First let us take the case when N is odd. We take 
X n - n + JW + 6 + (p - l)/2p, n > 0, 

(3.16) X-«=-X n , n > 0, 

Xo = + 6 + (p — 

By Theorem VI it of course does not matter where we take X 0 (or any other 
finite number of X n ). Let us set % + 5 + (p — l)/2p = t. Then clearly 
cos 2 " 2 £z €L p (-t, x). Moreover, for n ^ 0, 

\xdz — 


= liTn 


Using the binomial theorem, we obtain 


£ 


e <(n+<) * cos*" 2 


lim 2“ 8 " 2 £ r*(V) f T e iCn+k+1)x dx 


0 . 

A similar result holds with e _lx(n+0 ; n ^ 0. Thus cos 2 " 2 is orthogonal to 
e ±**<»+t)^ n ^ q But the set {dt(n + 0 J, (n ^ 0), contains the set {X*) defined 
in (3.16) and N additional terms. This proves Theorem V if N is odd. 

If N is even, we proceed similarly. Instead of using cos 2 " 2 \x we use 
sin cos 2 " 1 \x y where t = 6 + (p — l)/2p. In this case 11, e ±ix<in+t) }, (n S 1), 
is orthogonal to sin §x cos 2 " 1 \x. 
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ON THE CLOSURE OF fe‘ v ), II 

4. A closure theorem involving P61ya maximum density. Theorems I and II 
give information on the closure of {e*** 1 }, (X„ >0). In case 

(4.01) ~ = D 

exists, Theorem I gives a sharp criterion. However if n/A„ does not approach 
a limit, this is no longer the case. From Theorems I and II it is clear that the 
denser the A n ’s, that is, the bigger D is, the longer the interval over which 
{e a *‘} will be closed. 

Let us consider a sequence which does not have a density in the above sense. 
Let {/i„J consist of all integers n > 0 such that 

10* < n g 10* + 10*" 1 , k £ 1. 

Thus j/<„| consists of 11; 101, 102, ■ •. , 109, 110; 1001, • ■ •, 1100; and so on. 
Clearly the number of /i„ g 10* is 

1 + 10 + • • • + 10* -2 = (10* _1 - l)/9. 

Thus 


lim inf — g lim 


9(10*) 


or 


lim inf 

TI-+0O 


ZL<1. 

Hn 


90’ 


Thus on the basis of Theorem II we might suspect that [e'' 1 " 1 } is closed over 
an interval of length at most 2ir/90. Actually it will turn out that this is not 
the case but that the set {/<„} is closed over any interval of length less than 2t. 
That is, in some sense the effective density, so far as closure is concerned, of the 
set (mb) is the same as that of all the positive integers, and is therefore one. 
Actually the sequence {/i n } does have a density one, in the intervals (100 110) • 
(1000, 1100); ■ •. ; (10*, 10* + 10* '); • • • . That it is the density in such 
subintervals that determines closure properties is implied by the following 
theorem. 
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Theorem VII. 1 Let {X n }, n > 0, be an increasing 'positive sequence and let 
A (u) be the number of X« < u. Lei 2 3 

(4.02) lim sup lim sup -— r— - = D. 

{-* 1-0 u - 

Then {e* XnX J is closed over an interval of length L if 
(4.03) 2ttD > L, 

/or Lebesgue integrable functions. 

Theorem VII as a closure theorem is very easily derived from the following 
theorem on entire functions. 

Theorem VIII. s Let f(z) be an entire function such that 

(4.04) 

and 

(4.05) k. 

Let ni(r) be the number of zeros of f(z) which lie in the sector (| z \ <r, am z | g |x) 
and n 2 (r) the number of zeros of f(z) in the sector (| z | < r, am 2 < fx). 
Then there exists a number B S k/ir such that 

(4.06) lim 

r~* 00 T 

The proof of Theorem VIII will be given in Chapter III as a corollary of a 
less restrictive theorem. Here we shall use Theorem VIII to give a proof of 
Theorem VII. 

Proof of Theorem VII. Suppose that a set {e tXn *} is not closed. Then there 
exists a function g(x), not equivalent to zero, such that 

»u 2 

g(x)e tXnX dx = 0, n > 0. 

l-L /2 

1 Levinson, On the closure of je A « x } and integral functions, Proceedings of the Cambridge 
Philosophical Society, vol. 31 (1935), p. 335. 

5 D is the Pdlya maximum density of the sequence. Pdlya shows that there exists a 
sequence {r„| of ordinary density [(4.01)] D which contains {X»} as a subsequence but that 
there is no sequence having an ordinary density less than D which contains {X n ). 

P61ya also shows that in (4.02) the use of lim sup as $ -* 1 — 0 is unnecessary since as 
£ l 0 the limit itself exists. Polya, Untersuchungen uber Liicken und Singularitdten 
von Potenzreihen, Mathematische Zeitschrift, vol. 28 (1929). 

3 Levinson, loc. cit., Theorem III. For even f(z) this theorem was proved by Wiener 
and Paley, On entire functions , Transactions of the American Mathematical Society, vol. 
35 (1933), Theorem I, p. 769. Miss Cartwright proved this theorem under a more restrictive 
hypothesis which she later showed was implied by the hypothesis given here. M. L. 
Cartwright, Proceedings of the London Mathematical Society, (2), vol. 38 (1935), p. 179; 
and Proceedings of the Cambridge Philosophical Society, vol. 34 (1935), pp. 347-350. 
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Let 

/ Lft 

g(x)e wx dx. 

L/2 

Then G(w) vanishes at w = X„, (n > 0), but is not identically zero. By (4.07) 

/ in 

\g(x)\dx. 

Lf 2 • 

From this it is clear that log + | G(u) | is bounded. Thus G(w) satisfies the 
requirements of Theorem VIII. If ni(r) is the number of zeros of G(w) in 
(| to | < r, | am w | ^ §*•), then 

Wi(r) _ B 


Therefore for any 0 < £ < 1, 

(4.09) lim 

T — 

But {X n | are among the zeros of G{w) in the right half-plane. Therefore 
»t(r) - «i(r{) ^ A(r) - A(r£), 0 < £ < 


Thus by (4.09) 


r A(r) - A(rf) . D 

lun sup —-f-A.' g £. 

r-«o r - r£ 


And therefore the P61ya maximum density, D, of the set {X n [ satisfies 
(4.10) 

It follows from (4.08) that fc ^ fL. Since 2? g A:/tt, 


In (4.10) this gives 

2ttD ^ L. 

This is contrary to the hypothesis of Theorem VII. Thus Theorem VII is 
proved. 

5. A related gap theorem. Let f(x) eL( — Tr, r). Suppose that the Fourier 
series of fix) is such that certain terms vanish. For example, let 

fix) , a 3n e" 

Then f(x) has period §tt, and therefore if f(x) vanishes over an interval of length 
fir it is identically zero. That is, if only every third term differs from zero in 
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the Fourier expansion for fix), then f(x) cannot vanish over an interval of 
length §tt without vanishing identically. 

This suggests the following gap relation. Let 

fix) + * rtX + d- 

where { m n } is an increasing sequence of positive integers such that 

lim - = 

n-*oo 

Then, if f(x) vanishes over an interval exceeding 2ir D in length, it vanishes 
identically. 

Actually it will turn out that there is nothing to be gained by having gaps 
throughout the whole series. It suffices to have gaps only in one half of the 
series, either for n > 0 or for n < 0. Moreover n/m ft need not approach a 
limit. The gap theorem we shall prove here is 

Theorem IX. 4 Let f(x) eL(— x, x) and have the Fourier series 

(5.01) fix) ~ t aj nx + E 

0 

where {m n } is an increasing sequence of positive integers. Let M(u) be the number 
of m„ < u, and let 5 

(5.02) d = lim inf lim inf 

£-*1—0 u-*oo U — 

If f{x) vanishes almost everywhere over an interval exceeding %rd in length, it 
vanishes almost everywhere over (—t, t). 

As an example, let us define { m n \ as made up of those integers n which are 
such that 

(5.03) + 10*" 1 ^ n ^ 10* k ^ 1. 

That is, {m n } contains all integers between 11 and 100, between 110 and 1000, 
and so on. Clearly 

lim inf — ~. 

«-»oo m n 9 

Thus it should seem that fix) would have to vanish over an interval at least 
|(27r) in length in order that fix) be forced to vanish over the whole interval 

4 Levinson, loc. cit., Theorem II. Here the theorem was stated only for d - 0. 

6 d is the P61ya minimum density. As was the case with P61ya maximum density, 
Pdlya shows that lim inf as $ —»1 — 0 can be replaced by lim. 
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(-r, tt). Actually, in applying Theorem IX, since there are no m n in the 
intervals (10*, 10* + 10*' 1 ) it follows that 

M(u) - M(w{) = 0 

for u = 10* + 10* 1 and 1 > £ > tt- Thus 


Therefore 


d = 0 . 


Thus with { m n } defined as in (5.03), f(x) cannot vanish over any interval no 
matter how small without vanishing almost everywhere over (-x, x). That 
is, instead of f it turns out that any quantity greater than zero will do. 

Proof of Theorem IX . Suppose that the hypothesis of Theorem IX is satisfied 
and that f(x) vanishes almost everywhere over an interval 2xd + d, 5 > 0, in 
length. Since f(x) is periodic of period 2x and can be translated without 
changing the modulus of the Fourier coefficients, we can assume that f(x) 
vanishes over the interval (x — 2xd — 6, x). Let {X n } be the set of positive 
integers complementary to {m„}. That is, {X n } + { m n \ = [n], n > 0. Thus 

u - u£ 2 > A(w) - M{u) - u - ut - 2, 

and therefore 

. f M (tt) - 

m inf 

u-ul U~*OQ U - 

From this it follows at once that the maximum density of {X ri } is 

D = 1 - d. 

Since the terms e~^ nX do not appear in the Fourier series of f(x), it follows that 


r 

f(x)e iXnX dx = 0, n > 0. 

r 

But f(x) vanishes almost everywhere over (x — 2 ird — 5, x). Thus 

r—2rd -i 

(5.04) J_ f{x)e iK *dx = 0, n > 0. 

But x — 2 ird — 5 — (~tt) = 2x(l — d) — 6 — 2irD — 6. By Theorem VII, 
{e lXft3: j is closed over any interval of length less than 2x2). Thus (5.04) implies 
that/(z) is equivalent to zero over (~x, x — 2 xd — 5). This completes the 
proof of Theorem IX. 

6. An extension of the closure theorem. Theorem VII states that if {X n } is a 
positive increasing sequence with P61ya maximum density D and if L < 2x2), 
then 
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( 6 . 01 ) 



dx = 0, 


0 < n < 


implies that/(a) is zero almost everywhere in ( — 

This result remains valid if instead of requiring that the integral in (6.01) 
be zero, we merely require that it be small. This is stated in precise terms in 
the following theorem. 


Theorem X. 6 If {K } is an increasing positive sequence with Polya maximum 
density D, if, for some c > 0, X n +i — A n ^ c, and if 

( 6 . 02 ) L , 


then 

(6.03) 



0(fi 


0 < n < oo, 


for some 8 > 0 implies that f(x) is zero almost everywhere . 


Theorem X is an immediate consequence of the following theorem on entire 
functions. 

Theorem XI. 7 Let f(z) he an entire function satisfying (4.04) and (4.05). 
Let {\ n } he an increasing positive sequence such that for some c > 0, X n+ i — X ft S c, 
and let the Polya maximum density of {X n } he D. If 

(6.04) 

and if, for some 8 > 0, 

(6.05) /(X n ) = n > 0, 

then f(z) si 0. 

The proof of Theorem XI will depend on Theorem VIII and will be given 
after the proof of Theorem VIII. We shall make use of Theorem XI at once 
to prove Theorem X. 

Proof of Theorem X. Let us assume that Theorem X is not true. Then 
there exists a sequence {X n } and a function f(x) not equivalent to zero and 
satisfying the requirements of Theorem X. That is, 

r L/2 

(6.06) / f(x)e iKz dx = 0(e~‘ K ). 

JLl/2 

Let 


8 Cf. Levinson, On the non-vanishing of certain functions, Proceedings of the National 
Academy of Sciences, vol. 22 (1936), p. 228, Theorem III. 

7 This theorem is referred to on page 229, Levinson, loc. cit. At about the same time 
an even more general result was given by Miss M. L. Cartwright, Proceedings of the London 
Mathematical Society, vol. 41 (1936), p. 33. 
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fLl2 

(6.07) F(w) = f(x)e wt dx. 

Then if w = u + iv, 

(6.08) | F(w) | ^ e £l ’ l/2 f 

J-l/ 2 

Thus F(w) satisfies the hypothesis of Theorem VIII and therefore part of the 
hypothesis of Theorem XI. From (6.06), 

(6.09) F(\ n ) = 0 oo. 

Also from (6.08) 

r log | F(w) | 
lun sup — 1 

By (6.02), \L < irZ). Thus 

( 6 . 10 ) k < 

But (6.09) and (6.10), used in Theorem XI, shows that the entire function F(w) 
is zero. By (6.07) this means that f(x) is equivalent to zero contrary to hypothe¬ 
sis. This completes the proof of Theorem X. 

As a theorem on closure, Theorem X can be used to deduce a gap theorem 
which is really a generalization of Theorem IX. 

Theorem XII. Let 


fix) 

Let {X n } be an increasing sequence of positive integers of Pdlya maximum density D- 

If 

(6.11) n > 0, 

and if f(x) vanishes almost everywhere over an interval exceeding 2 tt( 1 — D) in 
length , then f{x) vanishes almost everywhere. 

Theorem IX is the special case of Theorem XII where (6.11) is replaced by 
a ~K = 0 . 

Proof of Theorem XII. Since f(x) is periodic, we can assume it vanishes 
almost everywhere over the interval (ir — 2tt(1 — D) — e, t) for some c > 0. 
Clearly then 

= 2 tt Lr ^ 6 ’ dX ‘ 

But a_x, = 0(e~‘ K ). Thus 

(6.12) | f(x)e iKl 


dx = 0 
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The length of the interval of integration in (6.12) is L = 2?rZ> — e. That is, 

L < 2 tD. 

Applying Theorem X, it follows that f{x) must vanish almost everywhere. 

7. Another type of theorem. There is another closure condition which, in 
the sense that it deals with an ordinary density (not a Polya maximum or 
minimum density), is a generalization of a result of Chapter I. Actually, how¬ 
ever, the proof of the theorem places it here. 

Theorem XIII. 8 9 Let {X n }, (n > 0), be an increasing 'positive sequence such 
that 

(7.01) lim i D, 

*-♦00 A. n 

and such that for some c > 0, X„+i — X„ 2? c. Let 

(7.02) L < 2 xD, 

and 6(u) be a monotone increasing function of u such that 

(7.03) 

If 

/ m 

f(x)e <K ’dx = n > 0, 

LI 2 

thenf(x) is zero almost everywhere , 

If the integral in (7.04) vanished instead of being small, then Theorem XIII 
would be a corollary of Theorem II. However, actually, this theorem is very 
different from Theorem II. Theorem XIII is a consequence of the following 
theorem on entire functions. 

Theorem XIV. 8 Let f(z ) be an entire function satisfying the requirements of 
Theorem VIII, (4.04) and (4.05). Let {X„} be an increasing positive sequence 
such that for some c > 0, X„ + i — \ n ^ c, and 

(7.05) lim 1 D. 

A 

Let 

(7.06) > k. 


8 Cf. Levinson, loc. cit., Theorem II. 

9 This theorem is referred to on page 229, Levinson, loc. cit., and is a little less restric¬ 
tive than a corresponding result of Miss Cartwright, loc. cit. 
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(7.07) /(A») = 0(f HK) ) 

where 6(u) is a monotone increasing function of u such that 

(7.08) 

then f(z) is zero. 

The proof of Theorem XIII follows from Theorem XIV in the same way as 
other theorems on closure in this chapter have followed from theorems on 
entire functions. 

From Theorem XIII there follows the next gap theorem: 

Theorem XV. Let 


Let jX n ) he an increasing sequence of positive integers such that 

iim ~ - D. 


Let 

(7.09) a_*„ = 0(e~ B{K) ), 


where 6(u) is monotone increasing and 


i: 


”0(u), 

—r- du ~ oo . 
u 2 


If f(x) vanishes almost everywhere over an interval exceeding 2?r(l — D) in length , 
then f(x) is equivalent to zero. 

This theorem follows from Theorem XIII in the way that Theorem XII 
follows from Theorem X, 

8. A theorem of Miss Cartwright. The gap theorems given above can be 
put into more general form. 10 

If we let 


where (7.09) is satisfied, then heuristically, at least, 

fix) - lim {hi(re ix ) - hire^)} 

r —*1 


Cf. Miss Cartwright, loc. cit. 
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is the/(x) of Theorem XV. For f(x) to vanish over an interval of length ex¬ 
ceeding 2x(l - D) in length amounts to h^z) = h{z) over an arc of the unit 
circle exceeding 2ir(l - D) in length. But under very general conditions, for 
hi(z) to be equal to h 2 (z) over the arc on the unit circle means that there exists 
a function H(z) such that H(z) is analytic for | z | < 1 and \ z\ > 1; 

H(z) = h 1 (z),\z H(z) 

and H(z) is analytic on the arc of the unit circle exceeding 2*(1 - D) in length. 

The conclusion of Theorem XV that }{x) vanishes entirely means here that 
H{z) is analytic on the whole circumference of the unit circle. Combining this 
with the previous information on H(z) gives the result that H(z) is analytic on 
the whole plane including <*. Thus H(z ) is a constant. If account is taken 
of the series representation of /i 2 (z), it follows that this constant must be zero. 
Thus H(z) is zero. 

This result is now given in precise terms. 

Theorem XVI. Let 


H(z) 

H(z) ~ n , |*| >L 

Also let H(z) be analytic for (| z J = 1 , | am z j ^ 0 ). Let {\ n } be a sequence of 
integers such that 


Lei 


( 8 . 01 ) 


where 8(u) is monotone increasing and 


Let 

( 8 . 02 ) 







| 'H(re“) \SM(r - 1), 


where M(u) is a positive even function , decreasing for u > 0, 

4/2 

(8.03) 1 log log M(u)du < oo . 


< r < 


( 8 . 04 ) 


e > ir(l - D), 
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Proof of Theorem XVI. Let 

e " 

(8.05) m = ^ 

where C is the path shown in Fig. 1. We can deform C into C x . The two parts of 
Ci, co nsisting of circular arcs with 0 as center, have radii n and r», with n 



Fig. 1 


the larger radius and n - 1 = 1 - r,. Then clearly by (8.02), for u > 0, 
(8.05) with Ci in place of C gives 

log + | F(u) 1 g u log l/r 2 + log + 


Since H(z) is analytic along the real axis, there exists a constant A such that 
log + | F(u) | g log M(n - 1) + 2n log - + A. 

Ti 

Let ri - 1 == t Then 

(8.06) log + | F(u) | g log M(t) + 2u log j-i- + A. 


We shall find it advantageous to take C 1 narrower, that is, t smaller, as u gets 
larger. Since M(t) is decreasing for t > 0, 


log M(t) 
log 1/(1 -f)’ 


0 <t <h 


is a decreasing function of t and is infinite when t is zero; it follows that there 
exists a Uo > 0 such that 


(8.07) 


log M(t) 
log 1/(1 -1) 


is uniquely solvable for t for u > U*. This implies that, for small values of t, 
t is a function of u. 

By (8.06) 
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There is no loss in generality in assuming that M(i) is differentiable. Using 
(8.07) to replace u by t on the right side of (8.08) gives, if U corresponds to Wo, 


r 


u)\ 


du 


log 


, log M{t) 


or 


rwmUi-s r M ' (,)1 ° 

* un W 2 *0 


(8.09) 


Integrating by parts gives 


to M(t) 

1/2 f'(0 log 1/(1 -<) 


+ 3 


M(t) log 


( 8 . 10 ) 


-I 


M'(t) log 1/(1 - t ) 

M(t) log M(i) 

= -log j-E. log log M(t) + J 


But as t —> +0, 


log ~~ t log log M(t) < 2 1 log log M(t). 


Since log log M(t) is integrable, there must be a sequence of values of t 0 
such that for these values t log log M(t) -> 0. Thus (8.10) becomes 


r i,s mo jog i/(i -t) dt 



and (8.09) becomes 


This result holds in the same way for u < 0. Thus 
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From (8.05), since € can be chosen so that, on C, | am z | > 0 - e for any 
€ > 0, it follows that 

I F(u + iv) | S f c | H(z) | (T)“ +1 1 dz {. 

And C can be chosen so that | 2 | is close enough to 1 in value along C that 


Thus 


|f(« + w)| S e'' l(T_e+ ‘ : 


From this it follows that for some A 


Or 


log | F(w) | ^ (x — 0 


■dz 


I w | 


Since e is arbitrary, 

( 8 . 12 ) 

If w is a negative integer, the path of integration in (8.05) can be deformed 
into a circle of radius greater than one. Then from the formula for the Laurent 
coefficients of H(z) it follows that 


Thus by (8.01) 

(8.13) F(-^n) = 0 

Since x(l — D ) < 0 it follows that 

k = x — 0 < xD. 

This last result together with (8.11), (8.12), and (8.13) used in Theorem XIV 
gives F(w) ss 0. Thus a- n = 0, (n > 0), and therefore H(z ) = 0. 
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ZEROS OF ENTIRE FUNCTIONS OF EXPONENTIAL TYPE 

9. The basic theorem. In this chapter we shall prove the theorems on entire 
functions used in obtaining the gap and closure theorems in the preceding 
chapter. These theorems on entire functions are of considerable interest in 
themselves. Roughly stated these theorems assert that if an entire function 
f(z) satisfies 

i_i //w | 

- = fc, 0 K k K °o i 

and if f(x) is of less than exponential growth along the real axis, then f(z) is 
similar to sin kz in many respects. Here we are especially interested in the 
fact that the zeros of f(z) have much in common with the zeros of sin kz . Thus 
most of the zeros of f(z) stay close to the real axis. The zeros in each half-plane, 
x > 0 and x < 0, have density k/r which is, of course, the case with sin kz . 
That the zeros of f(z) must cluster about the real axis will always be a simple 
consequence of Carleman’s theorem, Theorem B. 

Our technique in proving these theorems will be to show that the theorems 
are true if they hold for functions f(z) having only real zeros. It is possible to 
give a real-variable proof for the case where f{z) has real zeros. However here 
a mixture of real and complex variable methods will be used. 

In view of the importance of these theorems in themselves, we shall prove 
our basic theorem under a more general hypothesis than that given in the last 
chapter. 

Theorem XVII. Letf(z) be an entire function such that 
(9.01) lim f log \f(x)f(-x) | ~ 

R-+W Jl X 6 

exists and is finite. Let 

(9.02) 

and 

(9.03) limsup log ^ 

I 

Let the function ni(r) be the number of zeros of f(z) less than r in modulus which lie 
in the right half-plane and nt(r) the number of zeros in the left half-plane. Then 
there exists 
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(9.04) 

and 

B ^ k/r. 

First we shall use this theorem to prove Theorem VIII. Theorem VIII 
differs from Theorem XVII in that (9.01) and (9.02) are replaced in Theorem 

VIII by 
(9.05) 

Proof of Theorem VIII. We shall show that (9.05) and (9.03) imply (9.01) 
and (9.02). Thus Theorem VIII will be made a corollary of Theorem XVII. 

First we shall prove that (9.03) and (9.05) imply (9.01). Applying Carle- 
man’s theorem, Theorem B, to /(z) in the upper half-plane, and replacing the 
left side of (41.03) which is always positive by zero, it follows that 


si nddS + A, 

where A will be used to represent various constants depending only on f(z). 
Clearly 

-i{f, + O'*" m] 

* s (i:+0 ** 1 *> 1 1 +a J V u»*> i * -m. 

Using (9.03) and (9.05) on the right, it follows that 

From this 

But for | £ | ^ “ 

!_!>!. 

x ! R 2 2z 2 


Thus 
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Since R can be taken arbitrarily large, it follows that 

log-l/MI§< 

X £ 

Combining this result with (9.05) gives 


which obviously implies (9.01). 

Next we shall show that (9.03) and (9.05) imply (9.02). Increasing the right 
side of (41.08) in Theorem H, it follows that 


log |/(re") | < 1 f* log* 1/M I ^ 
r sin 0 “ * JL« s 2 — 2 rx cos 6 + r 2 

+i r A* i i<>g i/m 11 . 

* J-B R* — 2rxR 2 cos 6 +r 2 x 2 


28 f I I ^(-8* “ r) 


+ — f log* !/(&'*) 

7T Jq 


I R 2 e 2i + — 2rJ7 cos $ e* + r 2 ] 2 




Or, letting R ° o ; 

log |/(re w ) I . 


rsinfl 




log* I/M i 

a; 2 — 2rx cos 8 + r 2 


dx 


(9.07) 


+ lim sup -A- f | log |/M 11 de 

«-*0O Tit J—R 


< 00 


2 f T 

+ lim sup -5 f log + |/(2?e*) | sin <f> d<f>. 

TlC Jo 

But since 1/jR* < 2/(1 + a; s ) for | x \ < R,R > 1, 

Umsupli/ I log |/M 11 dx < lim sup f 2 1 jgg 

B—ao It 1 +— R R —00 J-s 1 -f- a ; 2 

by (9.06). By (9.03), 

lim sup \ [ log + |/(fie*) j sin <j> d<t> g 2k. 

R~*oo Tit JO 

Thus (9.07) becomes 


(9.08) 


log \f(re") \ ^ 1 r log + \M 1 


r sin0 


— 2rx cos 6 + 


dx + A. 


But 
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log + \f(z) | , ^f r,2 lotm dx [ f l0g I/(X)| - - dx 

l I s — 2rx cos ¥~+T ldx l (r - xf d + In (x - r cos 0) 2 + r 2 sin* 9 

f logTWL. 

JZl 


rffl 6+ / 

Ji a; 2 Jri 


+ 


3rn log + |/(x) I 


r/s r 2 sin 2 0 


3 r/a (z - r) 2 
dx 


log + |/(x) I 


+4 r 1 

*3rjt 

<4 r m + _L r Iog+ 1/(g) 1 dx 

< A x 2 + sin 2 0 J r/I x* 

For any fixed 0, (0 < 0 < x), it follows that 


dr 


A similar result holds for (— <», — 1). Thus (9.08) becomes 


lim sup 


log I f(fe i9 ) 1 

r\ sin 01 


^ A, 


for any fixed 0, (0 < 0 < x). But this holds in the same way for 0 > 0 > — x. 
Therefore for any 6 > 0, f(z)e~ Sz is bounded along the two radii 0 = db e for 
a sufficiently small value of e. By Theorem C of Phragm&i-Lindelof this im¬ 
plies that/(z)tf~ 5 * is bounded in the whole sector | 0 | 2* e. Thus 


Since 5 can be taken arbitrarily small, (9.02) holds for positive x. In precisely 
the same way it holds for negative x. 

This completes the proof that Theorem VIII is a corollary of Theorem XVII. 
In proving Theorem XVII the following lemma is required. As above we 
shall continue to use A to represent various constants depending on/(z). 

Lemma 9,1. Let the zeros of f(z) he z n — r n e t0n . Then 


Proof of Lemma 9.1. Applying Carleman’s theorem, Theorem B, to f(z) in 
the upper and lower half-planes and adding the result, we have 

^ (* ~ S ) 5 11 {h ~ i ) log l/w/( - x) 1 dx 

+ A f log + | f(Re a ) 11 sin B\ d8 + A. 


r, 
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Using (9.03) it follows that 


Y lsin9„| / 1 f*/l _±V 

rtcB r„ V &)-*J 1 \* s W 8 


|/(x)/(—x)|<ix + 4. 


Using (9.01) this becomes 




f(x)f(-x)\dx + A. 


But integrating by parts we have 


A ^ log |/(x)/(-x) | dx = ^ log l/(x)/(-x) | ^ 

~jp[ 2xdx l ^g\f(y)f(-y)\^. 


By (9.01) 


^ log |/(«/)/(-y) | ^ 


is bounded. Therefore the integration by parts above gives 

A £ log I f(x)f{-x) I dx = A + 2xdx <4. 


Thus (9.09) becomes 


But this implies 




£ a -1) < 

r »<*/2 r n 

Since R can be taken arbitrarily large above, it follows that 

< 00 . 

1 r„ 

10. A related function with real zeros. By the Hadamard factorization 
theorem, Theorem D, 


f(z) = bz m e 




Clearly if Theorem XVII is proved for f(z)/bz n it is also true for f(z). Thus 
we assume in the rest of this chapter that 


(10.01) 


M = e“ 
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Vsms the notetion *. - «*■. » -aBw F » >»™« '»>>' "*> 


TT ( 1 


n(i 


(10.02) F{z) ~ e “ V \ r* 

We now prove a series of lemmas about F(z)- 
Lemma 10.1. If 

log | F(±iy) | = 


. sup 


then 

(10.03) 

and 


lim sup 


log | F(r 


sm l 


h is defined in (9.03). 
Proof of Lemma 10.1. Since 


1 - 


X cos 0, 


xe 


it follows that 

Thus by (9.02) 
(10.04) 


!/(*)■!• 


lim sup = 0. 

By (9.02) and (9.03) and by Theorem C' of PhragmSn-Lindelof 
(10.05) l™ 1 SU P ^ Qg 1 ^ r - e — ^ k\ sin 9 1. 

v r-»» T 

If n(r) is the number of zeros of f(z) less than r in modulus, it follows from 
Jensen’s theorem, Theorem A, and (10.05) that 

lim sup ^ f dr ^ ~ f k\ sin 01 d$ = —. 
b-co R J o r It h * 


(10.06) 

From the definition of F(z), 


loB|f(«|stlog[(l + ? ^--)J 


siH.s(l+jH.flog(l+Q 


dn{u). 
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Integrating the right side by parts twice, we obtain 

”-r*- 


Letting u — v | y | this becomes 


a,,.,*, *imi s r** 

ll/I Jo (1 + v 2 ) 2 t ;|y I Jo r 

Letting | y | —>► <* and using (10.06) it follows that 


log | F(±iy) \ 2k f w 2t> J 


(10,08) fe = lim sup ^ — f 

2/ X J 0 

That is, ^ A;. 

From (10.02) for large | 2 |, 

log I F(«) I ^ I a |r + |log ^1 + - + 


(1 + v*)* 


r\ cos 0»| 


dv = k. 


+ 10 12 


r cos 0 n 


* |air + L W 1+ 3 + 0 in(M) + 10 L r u* Mu) - 


Integrating by parts 


(10.09) 


log |F(ss) | £ a|r | + »(2r) + ^ (^7 + ^)^** 

+ 20 f r ~^du. 

Jir VS U 


n(u) _ n(tp f 2tt dr < _2_1^ f 2u nix ) ^ 

u u log 2 J« r ~ log 2 2w Jo r 

From (10.06) it follows that for large u , 

n(u) 4k 
u log 2 * 

Thus there exists an A such that for large | z | (10.09) gives 

(10.10) log | F(z) | ^ Ar log r. 

Using (10.04), (10.08), and (10.10), and Theorem C 7 of Phragmin-Lindelof 
gives 

,. lo 
lim sup — 


This completes the proof of the lemma. 
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Lemma 10.2. There exists a constant C such that 

P& Wo* 

(10.11) Iim log | F(x)F(—x) \ = C. 

Proof of Lemma 10.2. According to the hypothesis of Theorem XVII there 
exists 

lim / log \f(x)f(-x) | 

R — oc J 1 * 


By (10.01) and (10.02) 
log 




r„ — x cos B n 


Thus 

jf log |/(*)/(-*) 1 § = jf log I F(x)F(-x) I § 


+ 



t\ — 2ar ft cos 6 n + a; 2 
r 2 — 2xr n cos B n + £ 2 cos 2 6 n 


and the proof of the lemma hinges on the existence of 


lim 


f §i>. 


r 2 — 2xr n cos 0 n + £ 2 


r\ — 2ar n cos 0 n + % cos 2 0* 


But since each term in the sum above is positive, the limit as R will cer¬ 
tainly exist if 


J = 


£ /" log ( T 

i \r n 


r» - 2r n zcos0 n -i-s 2 \ 
— 2r n x cos 6 n + x 2 cos 2 0«/ 


dx 


< 


Replace x by r n y/ | cos 6 n |, unless 6 n — in which case the integral of the 
logarithmic term can be computed directly and is obviously less than 10/r n . 
Thus using J' and 2' to signify the omission of 6 n = %ir, we have 


J' 



1 cos Bn 1 f*\ / 1 — 2y cos Bj\ cos 6 n [ + y 2 / cos 2 0,A dy 

r n L„o ° g \ 1 - 2 y cos BJ | cos B n | + y 2 ) y 2 

I cos Bn 1 r , /_ ■y tan 2 8n _\ dy 

r„ i-» 8 \ 1-2 y cos 0„/j cos 8„ j + y 2 / t/ 2 ' 


Thus 


( 10 . 12 ) 

But 



y 1 tan 2 B n \ dy 

(i -1 y I)v ‘ 
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+s C'° s { i+ y=&)* 

+ 2 f log (1 + 9 tan 2 0„) 

J S/2 t/ 2 

Setting y | tan 8 n | = x in the first integral on the right of the above inequality, 
and (y — 1) = x | tan 6 n | in the second integral on the right gives 

+ 81 tan 0* | jf log ^1 + dx 

+ 2 log (1 + 9 tan 2 0 n ) 

S 200 | tan 0„ | +2 log (1 + 9 tan 2 0 n ). 

But, for u > 0, log (1 + u 2 ) < u, as can be verified by differentiating u — log 
(1 + u). Thus log (1 + 9 tan 2 0 n ) g 3 | tan 0 n | and therefore 

fM 1 + ^ w-)? S2101lsn '- 1 ' 

Using this in (10.12) and recalling that the terms with 0 rt = have been dis¬ 
cussed, it follows that 



By Lemma 9.1 it follows that J < «, and this completes the proof of this lemma. 

11. Lemmas on the related function. We have shown that F(z) satisfies the 
requirements of Theorem XVII. Now we shall prove Theorem XVII for F(z). 

Lemma ll.l. 1 If hi is defined as in Lemma 10.1, then 

(11.01) Urn Io g l F(±iy )l = h. 

v-^oo y 

Proof of Lemma 11.1. By Lemma 10.2, 

(11.02) lim f* log | F(x)F(-x) \ ~ = C. 

r~*oc J o «c 

Let the zeros of F(z) be denoted by {z n }, instead of by r n f cos 0 n , where | x n | 
are increasing in magnitude. Then by (10.02) 

1 The results of this and the next lemma are due to Paley and Wiener, loc. cit., chap. 5. 
They use Wiener’s general Tauberian theorem in their proof. 
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Thus (11.02) becomes 


«»«->)-n(i-f)' 

fcrG-l-SDS- 


«o 

lim 2 / 

B—*oo 1 JQ 


X (Ms _ fi 

7. 7~ g - 


Replacing xby \x n \v, 

•0 1 /»*/!*»! , •, dv „ 

(H.03) Si? fin! log11 "'' 1 ^" 

Let us now consider 

r udu i r", |, _ „» | dv 
(1L04) l (l + u 1 )^ l 8 o* ’ 

Integrating by parts, this becomes 


r_udu_i r “ log!l _/,^. 
JL (1 + U 2 )* t Jo »* 


IX 5(iT5j log | 1 '?l"ji. l08 l 1 + 

We deform the path of integration in the last integral so as to avoid w = ±tby 
going around these points on semicircular paths of small radius, the semicircles 
both lying in the half-plane above the real axis. Then closing the path of inte¬ 
gration in the upper half-plane the pole at u = i gives 




21 dv a, 2 ri 1 


l-r ! l“ =* 


4 2i{t L ) 




= - jlog 


( 1+ ?y 


Setting t = \x n \/y 

r udu ~ -L r IM log 11 - i *=-1 log (i+ 4 ) • 

Jt (1 -+- m 2 ) 2 | x„ | Jo v 1 ±y \ xj 

Adding the above equations, 

(11 05) ± f r~i r log 11 - V 2 1 % = - f log | F(±iy)\. 

Ui.uo; j # (i + u 2 ) 2 | Xn | J 0 61 «* 2 v 


Clearly since 
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HU 


f log 11 
Jo 

f 

Jo 




1 - V 


Thus 


dv 


Si (1+u 2 ) 2 1*,I i 0gl " 


0(a), a 0, 

0((loga)/a) = 0(1/a 172 ), a—* qo. 


dv 

t? 


*±(f M " ^ 1 o( 1 *)+f 

(1 + « S ) 2 I ®» | \| *» 1 / + 4 


udu 


L of^Yl 

C»l \W' ! // 


!*.!/» (1 + M S ) J I 3, 

_ ^ /1 r « 2 y , i r u vi du\\ 

' u \M\\x„\']o (1 + «T + (N.|y) I/2 W U* J7 

Thus-the order of integration and summation can be inverted in (11.05) to 
give 

f" udu 1 r u vlM 2 \ dv x . I „/ . N I 

i (TT^Srai i °gi i -«'i^ = -^ i ° g iFMi. 

Letting y —» <*> and using (11.03), it follows that 

n r udu _log I F{±iy) | 

X (1+u 2 ) 2 2,“ j, 


lim log|J’(±ty)L _ _ C 

V~*» 2 / ir 

But by the definition of as limit superior, it follows that fa = —C/x. This 
completes the proof of the lemma. 

Lemma 11.2. If N(r) is the total number of zeros of F(z) less than r in modulus , 
then 


lim 

r-*x> T 


N{r ) _ 2fa 

x 


(11.06) 

Also 

(11.07) lim I F | log | FiRe*) \ -hR | sin 6 | | d$ = 0. 

R—*00 K JQ 

Proof of Lemma 11.2. By Jensen’s theorem, Theorem A, 

(U - 08) \[^T dr = 2^R C l0g 1 FiRe<>) 1 d6 ‘ 
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Thus by (10.03), 


(11.09) lim sup J = kl I sin S1 - — 1 


By (11.01) and 


log | F(iy) | = jT log ^1 + jQ dl 

it follows that 

io «( i+ 9^ (r)=fci - 

Integrating by parts twice this becomes 

lim 2 f 7~rjrr:i dr - [ —' 1 = ** 

Jo (r 1 + y 2 ) 1 r Jo u 


it follows that 


r *v dr= z 

Jo (r* + f) 1 2’ 


2 r 2 V _J 1 r^Cu)w„_^ 


11m f dr I 

v-*« Jo (r 2 + 2/ 2 ) 2 \r 


r?M o. 

J<> U T I 


Thus for any small a > 0 


(/." ’ + /,)ptV'{f l A; « 


ZZ X 


+ lim inf / 

y-*oo JyO 


2r 2 « .Jl [ r N(u), 2k, 


' T-. J,a-.)(r 2 + 2 / 2 ) 2 “' \r Jo « 
Replacing the variable r by 2 /f, we obtain 


lim sup 


O ri/U-a) 

. u) 


(r 2 + z/ 2 ) 2 \r Jo u x 


\Jo Jl/^+l ) 2 y-»oo \vZ/ Jo W X 


where this last statement follows from (11.09). Using this in (11.10) 

lim inf f" 0. 

y-*» Jy(l —a) (z * 2 + Z/ 2 ) 2 (r Jo W X J 

Since iV(u) is positive and since 1/r is a decreasing function, 

limini/' n¥ S iii*f 7I 1 -J'^ ) 0 «--)i0- 

JyU—«) (t * 2 + Z/ 2 ) 2 (y(l ~ a) Jo « x j 


y—*oo 
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Replacing the variable r by yv and observing that the terms in the braces are 
independent of r, 


lim inf 

y-* oo 


, 2/(1 


— a) Jo W 7T J * 1—a (1 + V 2 ) 2 


Since the integral in v is positive and independent of y , it follows that the limit 
inferior of the term in braces is positive. Therefore 


lim inf if 
y Jo 


^du^(l-a). 

U V 


Since this holds for arbitrarily small a > 0, 


y-co y Jo U T 


This result and (11.09) give 

(11.11) lim i / ^dr = —\ 

*-♦00 K Jo r r 

Using this in (11.08), we have 

— = ]ha ~ T }og\F(Re a )\ do. 

T fi-»oo ZlTlL .0 

Or 

[ {kiR | sin 6 1 - log | F(Re 9 ) |J dB = 0. 

£-♦00 - 

For any S > 0, 

(11.12) lim r-i= f |J£ + hR | sin 6\ - log | F(Re' e ) |) dB = S. 

£—♦00 ZttJlC Jo 

But by (10,03) for sufficiently large R 

SR + hR | sin 6 | — log | F(Re iS ) \ > 0. 

Thus (11.12) can be written as 

(11.13) lim A= [ 1 1 SR + hR | sin 6 \ - log | F(£e i( ) 11 dB = 5. 

B—*oo J&ITlC JO 

But 


| hR I sin 8 I - log I F(£e") | | g SR + | SR + kjt | sin 8 | - log | F(fie if ) | |. 
Integrating the above and using (11.13), it follows that 

1 f 2r 

lim sup —= / I hR | sin 6 1 - log | F(Re ie ) | I dB g 2S. 

Since 5 can be taken arbitrarily small, this gives (11.07). 
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To get (11.06) we observe that (11.11) gives, for any a > 0, 


hm £ 

E-+oo XC 


N ^ dr = ^ , 


Subtracting (11.11) from this gives 


1 f 8(1+a > tf(r) 2fci 

lun pJ 

U Jr T 

on ar 

L f 

a) J& 


Since A(r) is an increasing function and 1/r decreasing, it follows that 

N{R) ' s(1+a) 


or 


2&i . 


limsup — (1 + a). 

*-mo r 

Since a can be taken arbitrarily small, it follows that 


Similarly 


lim inf - 
a-*«o 


» \«V 

E 



thus giving (11.06) and completing the proof of the lemma. 

12. Proof of the basic theorem. In the next lemma we prove Theorem XVII 
for F(z)j that is, for functions with real zeros. 


Lemma 12.1. If Ni(r) and N t (r) are the number of zeros of F{z) less than r in 
modulus in the right and left half-planes respectively , then 


( 12 . 01 ) 



IT /.A V 

r-reo r 


Proof of Lemma 12.1. By (11.07) 


i i'*/ 2 . i f*i 2 h 

(12.02) lim / log | F(Re' 9 ) | cos ddd = - / h | sin 6 1 cos 6dB == -. 

VK JL,/s T J-rfl T 

Applying Carleman’s theorem, Theorem B', (41.04), to F(z) in the right half¬ 
plane, we obtain 
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If we write the above equation for R{ 1 + a), a > 0, subtract the equations, 
and use (12.02), 


lim 

*—oo IJB 


jjf* 04 * 1 dNjir) _ J* a+a) 


2 dNi{r) + f^dNxir) 


R*( 1 + a)* 

= lim log | F(iy)F(-iy) | ^ 

R—+CQ zt {Jb y 

■j pR(l+a) 

~ g(T + «)* ■/, lo g I F(iy)F(-iy) j dy 

+ Jpf 0 lo 8 \F(iy)F(-iy) | dy 

But by (11.01) log | F(iy)F(—iy) | ~ 2kiy. Thus the right side of the above 
equation becomes fci log (1 + oc)/t. Therefore 


*4 r-m-r* r 

l/s r J o 


Mr) 


R ! ( 1 +«) a 

+ f -jpdNi(r)} = ^ log (1 + a). 


Or 


-{r e - (r^)« H 

+ ^f o rdNi(r)J = ^ log (1 + a). 

From this, dividing by a, 

lim sup I / rdNi(r) - - g lim sup - f (- - T ) dNi(r) 

*-09 | jK* Jo it *-« a J* \r R\ 1 + a) 2 / 

[* r 

lim sup 1 pj dNi(r) 
*—oo * o -fir 


+ 


1 - 2a - 


(l+a) s 


+ 




log (1 + a) - a 


Replacing the terms on the right above by larger terms gives 

I 2 (' , vn fe 1/1 R x fSa+ “ ) 

hm sup | — / rdNi(r) - - 

*—oo \ K* J 0 T „ „ .. 

* lim sup [ dNi(r) 

S—oo XI Jo 


(12.03) 


+ 1 
a 


g lim sup - ( ^ 

*—oo CK \Xt 

1-2 a - 


dNi(r) 


+ * 

r 


(1 + a)’ 
log (1 + a) — a 



40 


ZEROS OF FUNCTIONS OF EXPONENTIAL TYPE 


[HI] 


Since the zeros in the right half-plane are contained among all the zeros of 
F(z), 

r Ril+a) ,. N(R + Ra)-N(R) 


R 


limsup f. / dNi{r) ^ limsup ■=. / dN{r) = lim 
And by (11.06) this becomes 

r 1 jaf f \ ^ 

lim sup 5 / dN\{r) ^-. 

r-+o o R Jr * 

Also 

1 f* j\t , X r Ni(fi) . r N(R) 2ki 
lim sup ■= I dNi(r) - lim sup — — ^ lim sup -- 

S-*oo IV Jq B—*ao it B-»« it IT 


R-*oo XV JQ 

Moreover for small a 


lA-fc-i). ow, *■« 11 — -ob). 

a \ (1 + a) 2 / a 

Using these results, (12.03) becomes 

7. I 

= 0(a). 


H—*oo j XV* J|J 

But a can be chosen arbitrarily small. Thus 
2 f* 

B-»oo jR 2 Jq 

This can be written as 


limsup! [ rdNi(r) - - 

fi—*oo | it JO *7!" 

,rily small. Thus 
lim ^ f rdN\{r) = - . 

a-*oo rt 2 jq X 


Integrating by parts gives 

(12.04) BBi(B) - JVi(r) dr = ^ (^ + «(1)) ■ 

If 

(12.05) £A(z) - f h(u) du = ^(x), 

Jo 

then we shall prove that 

(12.06) /i(rn) = xg(x) + jf ^(w) du + C 0 


where Co is a constant. For let 
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From (12.05), h(x) — xg(x) is continuous and therefore t(x) is continuous. 
Putting h(x) into (12.05), we have 

xg(x) + x f g(u) du + xt(x) - [ ug(u ) 

Jo •'0 

- f du [ g(y) dy - I t(u) du = x i g{x). 
Jo Jo Jo 

Integrating f ug(u) du by parts the above equation becomes 
Jo 

xt(x) - J t{u) du — 0. 

Since t(x) is continuous, this equation implies that t(x) is differentiable. Hence 
differentiating, 

*^-0. 

dx 

That is, t(x) is a constant. This proves (12.06). 

If we now apply (12.06) to (12.04) we get 

Ni(R) = kl R + o(R). 


The same proof holds for N 2 (r), and this completes the proof of the lemma. 

Proof of Theorem XVII. Since the zeros of F(z) are r n /cos 6 n and are therefore 
larger in modulus than those of f(z), it follows that 

ni(r) ^ iV'i(r). 

Thus by (12.01) 

(12.07) lim inf ^ ^ - . 

r-*ee f T 

Let n z (r) be the number of zeros, z n , of f(z) less than r in modulus in the right 
half-plane for which | am z n | t 8 where 8 is a small positive quantity. Since 
by Lemma 9.1 

£|smM<oo, 

i r n 

it follows that 

f " efri s (r) . t . 

/ —— sm5 < oo. 

Jo r 

Integrating by parts 

( 12 . 08 ) r~dr < oo. 

Jo r 
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Since n 3 (r) is an increasing function of r, 


nt(R) 

R 



dr. 


Using (12.08) this gives 
(12,09) 


lim^=0. 

R 


Let us now consider the zeros z n of f(z) in the right half-plane for which 
| am z n | <5. Then the number of these zeros less than r in modulus is fti(r) - 
n,(r). Since the zeros of F(z) are in the form r*/cos 0«, it follows that 

- n,(r) = *(£)• 


Thus 


ni(r) - n*(r) 


^ limsup 

r-*«o 


fflfr/cos 5) 
r 


By (12.01) and (12.09) this gives 

lim sup ^ ^ . 

r -*« r x cos $ 

Since 5 can be taken arbitrarily close to zero, this inequality and (12.07) give 


If we set ki/r = B and recall that fci ^ k } then 

r-» r x 

The same proof applies to M r ), and this completes the proof of Theorem XVII. 
13. A related theorem. In this section we shall prove Theorem XI. 

Proof of Theorem XI. As in the proof of Theorem XVII we introduce F(z) 
with real zeros. We recall that | F(x) | ^ \}(x) | and thus by (6.05) 

(13.01) F(K) = 0(e" lx "). 

We also recall that 

(13.02) lim ^ =B 

r-*«o r X 

Since the P61ya maximum density of jX n ) is D > k/r, it follows that D > B. 
Let D — B = a. Then a > 0. 

From the definition of P61ya maximum density it follows that there exists a 
value of £, £ 0 < 1, such that 
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lim sup 


A(r) - A(r$o) 
r — rfo 


^ D - i<x. 


From this it further follows that there exists a sequence of values {r m j, (m > 0), 
such that r m —> oo and 


A(r w ) Ajr m ^) _ i 

r m — r m %o 


On the other hand, by (13.02) it follows that for suMciently large m 


Ni(r m ) - Ni(r m &) 
r m - r m £o 


S B + i a. 


In other words, the number of zeros of F(x) in the interval (r m { 0 , r n ) is at most 
0 B + Ja)r m (l — fo) + 2, 


whereas the number of {X»} in this interval is at least 
(D - }«)r.( 1 - fo) - 2. 

We recall that X«+i — X* ^ c > 0. Associate with each X n the interval (X n — 
ic, X n + ic). These intervals are separated from each other. Since the number 
of X n exceeds the number of zeros of F(z) in (r m £ 0 , r m ) by at least 

(D - ia)r m ( 1 - &>) - (B + Ja)r m (l — &) — 4 — |ar m (l - &) - 4, 

the number of intervals (X„ — fc, X n + ic) in (r m £ 0 , r OT ) which contain no zeros 
of F{z) is at least 

(13.03) Wm( 1 - &) - 6. 

But since F(z) has only real zeros and since F(z) — 0{e AUl ), it follows from a 
theorem of Laguerre 2 that F'(x) vanishes once and only once between suc¬ 
cessive zeros of Fix). We recall that F(x) is real valued. Thus between each 
adjacent pair of zeros of F(x), \ F(x) | increases steadily from zero to its maximum 
value and then decreases steadily to zero. Since each interval (X n — |c, X n + 
Jc) which we are considering contains no zero of Fix), it now follows that in one 
of the two intervals (X* , X* + fc) and (X n — Jc, X„), | F(x) | ^ | F(\ n ) |. Thus 

i.X^+c/8 

(13.04) / log" | F{x) | dx^ic log" | F(X n ) |. 

By (13.01), this gives 

f x " +c/8 

(13.05) / log | F(x) | dx S - i c5\ n -f A, 

J X n —c/8 

where A is a constant independent of X„ . 


1 Titchmarsh, Theory of Functions, Oxford, 1932, p. 266. 
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By (13.03) there are at least \arj\ - £ 0 ) - 6 intervals in (r„fo, r m ) where 
(13.05) holds. Moreover in (r m { 0 , r m ), X n ^ r m ? 0 • Thus 


r log-\ f(x) 

Jrmio 


dx ^ \ar m { 1 — fo) (— |c$r m £o) + Ar m , 


Letting m ■ 


f log | F{x) ac5{ 0 (l ~ Jo) + 

00 » 

f r «* Ay 

log | F(x) | — < 0. 

mb 


Since r m —» <x, (13.06) implies that 


i log If(*) | ^ = - «. 


But | F(x) | ^ | fix) | and (9.05) imply that 
(13-08) 

J-Q6 1 “T X 

By Carleman’s theorem used in exactly the same way as in getting (9.06), 
(13.08) implies that 


if F(z) is not identically zero. But this contradicts (13.07). Thus F(z), and 
therefore also/(z), is identically zero. This completes the proof of Theorem XI. 

14. Another related theorem. Proof of Theorem XIV. The proof of Theorem 
XIV proceeds in much the same way as that of Theorem XI. In Theorem XIV 
we also introduce F(z), and, since | F(x) | S | f(x) |, 

(14.01) F(K) = 0(e~ ,iK \ 

for a sequence of X n having an ordinary density D. Also 

r-»« r r 

Since D > k/r, D > B. Thus, as before, if a - D — B then a > 0. Since 
X n has an ordinary density D, 

= D. 


Setting r = 2 m , it follows that for sufficiently large m 
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A(2* +1 ) - A(2**) 

2* 


ZD-la. 


On the other hand, by (14.02) for sufficiently large m 

2" -14* 

Thus the number of zeros of F(x) in the interval (2 m , 2 m+1 ) is at most 

(B + la)2 m + 2 , 

whereas the number of {X„} in this interval is at least 
(D - la)2 n - 2. 

As in §13 there must therefore be at least \<x2 m — 6 intervals (A n — fc, X» + 
fc) in (2 m , 2 W+1 ) which contain no zeros of F(x). Thus, as before, by Daguerre’s 
theorem for each of these intervals (A n — fc, X n + fc) (13.04) holds. That is, 

J r X»+c/8 

log" \F(x)\dx ^ fc log” I F(\n) |. 

X*-c/8 

By (14.01) this becomes 

rK+d 8 

(14.02) 


/ log" I F(x) | dx g - |c«(A„) + 4. 

JXn-C/8 


Since in (2 m , 2 m+1 ) there are at least fa2 m — 6 > \a2 n such intervals and 
since, in (2 m , 2” l+1 ), X n Z 2 m , we have from (14.02) 

log" | F(x) | dx g (i«2")(-icfl(2 B )) + *42“ +1 

2«i 


g -c«c2""‘9(2") + £*42" 


From this 


V g 1 Wl s» = 128 2“ + 2" 


128 2” 

_ oc 9iT) 
~ 256 2” ’ 

Since 8(x) is monotone increasing, it follows that 

/•2 m+1 _ r 2 m 


m —> ». 


r , -ip, •« r *Wj 


*2 m JLUUU J2"- 

for large m. Adding the above inequalities and recalling that 
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it follows that 

f log-|F(x)|g= -co. 
i 1 £ 

But as in the proof of Theorem XI, this implies that F(z) is identically zero. 
This means f(z) must be identically zero and completes the proof of 
Theorem XIV. 



CHAPTER IV 

ON NON-HARMONIC FOURIER SERIES 1 


16. Proof of an underlying inequality. In this chapter we consider the ques¬ 
tion of expanding a function f(x) into a series of trigonometric functions, 
Up to this point whatever theorems we have proved involving 
have been essentially closure theorems. That is, we have shown under various 
conditions on X n that if f(x) e L p (—x, x) and if 

[j(x)e«*dx = 0, 

then f(x) is a null function. In general such results do not imply that f(x ) can 
be represented by a series £ a n e <knX . Even in the case where f(x) e L 2 (—x, x), 
all that is implied by closure is that given any e it is possible to find a polynomial 
in fe 1 ***), P t (z)i such that 

j_ |/(x) - p,(x) \'dx < (. 

Therefore it is of considerable interest to find conditions under which it is 
possible to get a series representation for f(x) in terms of {e A **) analogous to 
the Fourier series. Such series were studied by Paley and Wiener 2 who called 
them non-harmonic Fourier series. 

Paley and Wiener proved that if 

(15.01) | X* — n \ £ D < ~, — oo < n < <x>, 

X 2 

then the sequence {} is closed in L 2 ( —x, x) and possesses a unique biorthogonal 
set {A n (a;)}, such that the series 

i - *** £/(f)Wi)d|} 

converges uniformly to zero over any interval (—x + 5 ^ x S x — 6) for any 
positive S, and over any such interval the summability properties of 

(15.02) t,e <Kt Cmuedi 

—00 J—T 

are uniformly the same as those of the Fourier series of f(x). 

1 Cf. N. Levinson, On non-harmonic Fourier aeries, Annals of Mathematics, vol. 37 
(1936), p. 919. 

* Paley and Wiener, loc. cit., chap. 7, p. 108. 
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In other words, if (15.01) holds, the non-harmonic Fourier series (15.02) con¬ 
verges in exactly the same way as the ordinary Fourier series. 

Paley and Wiener asked two questions about their theorem. First is it neces¬ 
sary that D < 1/x 2 in (15.01) and second is there a theorem if/(x) c L(-x, x)? 
The answer to the first question is that if f(x) t L 2 (-x, x) it suffices for D < 
and this is a best possible result. The answer to the second question is that 
there is no general theory if f(x) €jL(-x, x) but there is a general theory if 
f(x) tL v (-~T, t), 1 < p ^ 2. These results are contained in the following 
theorems. 

Theorem XYIII. If jX„} is a sequence and D a constant such that 

(15.03) -oo < n < co, 

2 V 

for some p, 1 < p S 2, then the set {e A * x j is closed L p (—ir y x) and possesses a 
unique biorthogonal set {h n (x)\ such that for any f(x) t L p (—x, x) the series 

00 (o inx r* c r 'l 

(15.04) £ - e' Xnl j_J(0U0 

converges uniformly to zero over any interval ( — x + 5 ^ x ^ x — 6) for any 
5 > 0. Moreover the difference of the weighted sums ( Riesz, Abel, and so on) of 
the non-harmonic and ordinary Fourier series also converges uniformly to zero over 
(-x + 5 ^ X ^ x - 6). 

In other words, the convergence and summability properties of the series 
(15.04) are exactly the same for the ordinary Fourier series for f(x) over 
—it < x < X. 

Theorem XIX. If (15.03) is replaced by 
(15.05) |X„ — 

2 V 

then the results of Theorem XVIII no longer hold. 

Combining these two theorems, it is clear that there exists no general L theory 
of non-harmonic Fourier series since as p —»1, D —* 0. 

The question as to whether the partial sums of the non-harmonic Fourier 
series of f(x), where f{x) €L p {-ir , ?r), converge in the pth mean to f(x) is still 
open. In the case of the result of Paley and Wiener, loc. cit., with D < 1/x 2 
and f(x) e ll{ — x, x), it was shown that the partial sums converged in the mean 
to }(x) over (—x, x). Naturally these results are of interest only at the end¬ 
points of the interval (—x, x) since in the interior the equi-convergence with 
the ordinary Fourier series assures such convergence in the mean. Thus for 
€ > 0 
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The problem of convergence in the mean therefore reduces to showing that, 
as € —» +0, 


lim sup 

N-+oo 


(r+a§'“'£“ 


dx = o(l). 


In proving Theorem XVIII the following result is of basic importance. 
Theorem XX. Let {X„j satisfy (15.03) and let 


(15.06) 


m - $ (* - s)0 - e.) 


Then there exists an absolute constant A such that 

( 15 .07) lj FMrix< — 

and 

A —(p—l~2pD) 

(15.08) l 

/or c > 1. 

As we shall see, to prove that Theorem XX is a best possible one is quite 
simple. 

First we shall prove Theorem XX. It is convenient to use A* > 0 , k = 
0, 1, • • • , for absolute constants. 

Lemma 15.1. If F(x) is defined as in Theorem XX, then 

05.09) f l/M I ’*> S A.1T™ /" ( 

where 

and a„ are constants such that 0 ^ a» ^ 1. 


Proof of Lemma 15.1. Let N be some positive integer. If iV < x < 2N it is 
clear from | \ n — n | S L that 


1 + 


x 

n — D 


£ 


1 



0 < n < oo ; 


(15.11) 


x 

n — D 



0 < n < N f 


1 - 


n + D 



2 N < n < co. 


Therefore, for N < x < 2N 
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i f ( x ) i ^ n i 


n-D 1 


n — DI 




1 x/X» 

- x/(n - Z>) 


And since » - D g X, for n > 0, it follows from this that 

IN X 

\m\*n + 

(15.12) *0 _ X T^r X» — x 

'Sil 1 “ir+sl! 1 + n-D 5 n-D-x " 

Let us recall the following well-known properties of the gamma function: 

(15.13) r(i + i) = xr(x), 


(15.15) 

Using (15.13) 


r(x)r(i - x) = 

r(z + 1) ~ (2r) ,/s x^ 1,l e-*. 


n i- 


a5 - 19) _ V (M ± i - a - x)r(*f + i - b + x)rCK - a)r(g - b) | 

- r {K - a - x)r(X - b + x)r(M + 1 - a)r(Hf + 1-6) I 

Let K = 2N + 1, a = -D, b = D and M -* °°. Then 


n i- 


(15.17) 


r( 2 N + 1 + j»r(2AT + 1 - U) 
r(2AT + 1 + D - x)r(2JV + 1 - D + X) 

.. | r(itf + i + d - x)r(M +1 - D + x) 

I r(JW +1 + D)r(M +1 - D) 


Using (15.15), we have 

.. r(M + 1 + D - x)r(M + 1 -D+x) | 
r(M + i + D)r(M +1 - V) 1 

ffM+D-x\ M+D+m (M_ 

- \V M + D ) \ j 


lim <( 1 


D _ X y +D+ 1 / 2 ( M _ D _ X y~°+W( M-D + x V 

htd - y v m-d y Vm+d- xy 
* v + v 1+ _^_r D \ 

M + dJ V + M-Z>y J 


= e~V = 1. 
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Thus (15.17) becomes 


(15.18) 


«hFd|| n~-~D\ 


T(2N + 1 + D)T(2N + 1 - D) 

T(2N + 1 + D - x)T(2N + 1 - D + x) ' 

Setting K = 1, M = 2N, and a = 6 = D in (15.16) gives 


. * i4--_ ... 

n — D ~ n — D 


r’(l - D)T(2N + 1-D- x)H2N + 1 — D + x) 
r(i — d + *)r(i - d - x)r*(2N +1 - z>) 


By (15.14) this becomes 


n i- 


rc‘ T »-D 


r*(l - D) sin*(x + D)T(x + D)T(2N + 1 - D - x)T(2N + 1 - D + x) 
rr(l — D + x)r*(2 N +1-D ) 

Using this and (15.18), (15.12) becomes 


(15.19) 


,p,_m ^r*(l-i»sinT(x + D) / r(x + D) \(T{2N +l+D)\ 

I F (x) | g---\r(x-B +1)/ IrW+ i -B)) 

/r(2^ “hi Z) x)\ *pr \ n -x | 
\V(2N + 1 + D - x)J V n - D - a;I 


orJV <x <2N. 

By (15.15) for large M and fixed a and b 


HM + a) ^ n j~ a 

T(M + b) < 2 


< 10= 10M a “ b . 


(M-1+ a .)* 


Using this on each of the terms in parenthesis on the right of (15.19), and 
recalling that N < x < 2 N, gives 

(.5,20) |F(»)I S 

When In — D — x\ < h we have 


(15.21) 


K-x 
n — D — x 


sin v{x + D) | ^ t. 
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When | ^ j n - D - x | the inequality 


■00 < t < <X> t 


Xft 3? ii ^ ~f“ Z) ^ Xn 71 “{“ D 

n — D — x n — D — x n — D — x 


Clearly 


I (n — D — x)(n — D — x — 2i) | (n — D — s) 2 ‘ 
Since | X» — n + D [ ^ 2D, 

4D | (X» - n + D)2t 

(n — D — a;) 2 ~ j (n — D — a;)(n — D — x — 2i) 


X« 71 -f~ D_ Xft — ti + D 

n — D — x n — D x — 2i 

A-n + D _ Xft-n + D \ 

\ 7i — D — a; 7 i — D — x — 2i J * 


Xn Z n + D 4D X B - 7i + D 

n — D — x ~~ (n — D — x) 2 n — D — x — 2i' 

Using this in (15.22), 


Xft - x 
n — D — x 


^ exp 


/ X» 71 
\n-D- 


+ D , 4D 

x — 2i' (n — D — x)‘ 


for J 5* |» - D - Combining this with (15.21), 


V 71 — D — x 


11 sin r(x + D) | 


H"- (? r-i’ t h + 80 $ fip + ”?)l 


If we set 


A Xn — 7i + D 

< A 2 exp - 1 - r-. , 

*^ n -D-x-2i 


Xn — n + D 


then clearly 0 ^ a n ^ 1 and the above inequality becomes 


(15.23) n 


3Mn-D-a 


i t(x -f D) | < Ai IJ exp 


n — D — x — 2iJ I 
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From the power series expansion for e*, 

(15.24) | e a | £ | 1 + ^ | + N P, I 2 I £ i 

But for | z | ^ | 1 4* z | ^ §• Thus 

| 1 - f - ^ | + | 2 | 2 ^ | 1 4 * « | (1 + 2 | « | 2 ), 


and (15.24) becomes 


I e-1 £ |1 + z\(l +2\*fr 


hi * i- 


Using this in (15.23) gives 


IN 

n 


X„ — x 


n — D — x 


sin tc(x 4 D) | < A» II 


a» + n — D — x — 2i f 


n — D — x — 2i 


This inequality in (15.20) gives 

vr-i-MD 

(15.25) | F(x ) I ^ A 4 


(2tf + 1 - s) 2 


,n 


a, -f n — D — x — 2* f 


n ~ D — x — 2i 


for N < x < 2 N. Taking the pth power and integrating, we have (15.00). 
This completes the proof of this lemma. 

There is no simple majorant for Fix) that is sufficiently close to F(x) in 
magnitude to give a satisfactory appraisal of its size. The reason for this is 
that, depending on the {X n ), Fix) can be large at some places but if so must 
compensate by being small in other places. Thus a satisfactory majorant in¬ 
volves {X„} or something depending on {X n } such as {«„}. The relation (15.25) 
gives such a majorant. 


Lemma 15.2. Let 


(15.26) 


fix) = 


(x - ch 4* ib) • •. (x — CLu + ib) 


(x — ai 4“ ib) * • - (x — at*+i 4" ib) 
where 0 S < <k < • -. < ou+i ^ 1 and 6^0. If 0 ^ t < 1, then 

(15.27) f\f(x)\‘dx ' 5 

■'0 


1-1" 


This inequality is of some interest in itself and will be investigated more 
closely at the end of the chapter. 

Proof of Lemma 15.2. Let 




(z — flifc) 
(z — au+l) 


Using the partial fraction expansion for H(z), 

H(z) = <(-*_ + + ... + -*&-). 

\z - «i * - a* 2 - Oj*+i/ 
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It is clear that the sum of the c’s is one. Since the o’s form an increasing 
sequence, it is easily seen that Cl > 0, C > 0, • • • . If we set * - * + W, 

mi » = j - x _ J, + ?+ ■•■ + (, .- amip + tf ‘ 

Thus 3?fl(z) S 0 for y £ 0, and therefore 

|amff(*)|£M 2/ = °- 

Tins result and 3U?‘(z) = | H(z) |‘ cos (f am H(z)) give 
1 TIL) 1 ‘ - m ‘ iz) 

But cos \rt = sin Ml - 0 > 1 - *• Thus 

, m\z) 

(15.28) l fl Wl=T^T‘ 

Since H(z) has no zeros or poles in y > 0, H\z) is analytic for y > 0 and its 
integral around any closed contour in that region is zero. Thus for any fixed t, 

1 > t > 0, 

£ H‘(x + it) dx + ij' H \2 + iy) dy 

- £ H‘(x + i)dx-ij' ff‘(-1 + ty) % = 0. 
Or 

I H‘(x + it) dx § | H(2 + iy) |* dy 

(15.29) ' ,i ,» 

+ J |H(—1 + iy) \‘ dy + jj ff(* + t)| dx. 

Since the c’s are all positive and their sum is 1, it follows from the partial fraction 
expansion of H(z) that 


J.__ 

I H( z ) I = | z - ati+i | 


Using this in (15.29), 


£ E\x + ie) dx ^ 1 -f 1 4* 3 — 5. 


Using this in (15.28), 


£ m\x + it) dx £ 5. 
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[16] 


(15.31) 


f\H(z + u)\'dz 5 ~ t 


for any e > 0, 0 < « < 1. If e ^ 1, (15.31) is trivial by (15.30). If e = 0, 
(15.31) holds since it holds for all e > 0. Thus (15.31) is true for all e ^ 0 
and (15.27) follows immediately. 

Proof of Theorem XX. Clearly 


(15.32) 


r 


1 P(x)\ iP 

(2N + 1 — x)** D 


dx 


»iN+: 

£ 10 / 

«w-i 


\P(.x)\ 


2pD 


dx . 


1 2N + 1 - x - 2i|**> 


If we recall the definition of P{x) and set 


_z-N + 1 
v “ N + 2 ’ 


then 


£ *+ 
-1 


IPWT 


r.dX 


\2N + 1 - x - 2i\*r D 

g 4 JV 1 - s » d 


f 1 (y~a»4fl)--- (y-oa + ft) 

Jo (y — ai + tb) • • • (y — ojt+i + *b) 


|2j»D 


dy, 


where 0 ^ ai < a* < 
15.2 it follows that 




< oin-i ^ 1 and where b = 2/(iV + 2). By Lemma 

|P&)|*! 20 


- c& S 


1 - 2 pD 


J2JV + 1 - 2t|*» 

Using this with (15.32) and (15.09), 


jyl 2pD * 


» 2 ir 

I \F(x)\*dx£ 

Jn 


If we set N = 2”, 2“ +1 , 

f\F(z)rdx S 


1-2 pD 
• • and add, we have 


A,2 


>—w(jr—1—2j>D) 


(1 - 2pD)(l - 2- ( *- 1 -^>) “ (p - 1 - 2pD) ! ' 


Theorem XX follows immediately. 

16. Proof of the main theorem. We shall first prove several lemmas con* 
ceming 

(16.01) G(w) = (w - A.) (l ~ j) (l “ £_) 

where 


(16.02) | X„ — n | S D < V- 1 - 

We shall continue to use A* as absolute positive constants. 
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Lemma 16.1. If w = u + w, then 

| G{w) | < A*(\ w | + 1) 4 V W , 

|GK«)l>^l»l(l»l + l)'^ a ' W » 

|G(J + »)I > At. 

Proof of Lemma 16.1. Let am w = 0. If « £ 0, | w | S i an< * ^ N “ deter * 
mined by 

N - | ^ | vo | sec 0 < N -f 


(16.03) 

(16.04) 

(16.05) 


then 


| w/X n 1 < cos 0, 


n > Ns 


Also, since u ^ 0, w/\ n lies in the right half-plane. In the accompanying 
diagram, Fig. 2, P represents w/\ n and OD = cos 0. Clearly moving P closer 



to D shortens the line from 1 to P. Thus 


Similarly 


and therefore 


Since u ^ 0, 


1-* 

> 

1 - w 

x„ 


n — D 


w . a 
— > cos 0, 

X«! 



w 

n + D ’ 


jl - — 


1 + f 

1 X- n 


~ n + D 


n > N. 


0 < n < N, 


0 < n < N. 


n> 0. 
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Clearly 


| Xjvr — W | 


Therefore 


| G(w) | ^ | w — D | 


| Xjv — w | 
N + D 


N + D | 


n + Dl’ 


Using the gamma function in the same way as in Lemma 15.1, we have 


r'Cl + D) 


| w — D 11 \» — w | 


sin t(w — D) 
w — N — D 


I r(w - D)V(N + 1 + D - w)T(N + 1 - D) I 
UO ‘ UO; 1 T(w + 1+ D)T(N + 1 - D - w)T(N + 1+ 2>) I 

^ 1 10 11 X» — «> le* 1 ’ 1 ■ v - 2 c I T(w - D)r(N + 1 + D - w) I 

- * 1 + \w - N\ |r(«> + i + i>)r(iV+i-z»-to)r 

But, for x ££ 0, using Stirling’s formula, (41.07), and taking the real part, 
(16.07) log | T(x + iy) | = (x — i) log [ x -f- iy | - y tan -1 y/x + 0(1) 
as | x + iy | —> °o . For 2^0 and 2 > a > 0, 


r tan 1 - — y tan 1 

x x + a 


1 a y 

x(x + a) +y 2 


< y tan 


Thus using (16.07) in (16.06), and recalling that | w | < (N + i) cos 0, 
i n[ m ^ a | X* — w | e rM 

^ | Xj, — jc | e’ 1 ’ 1 

- Au (l + |«,-JV|)(1 + |«>|)«- 

Since G(—w) is of the same form as G(w), the results hold for all values of u 
and for | to | ^ J. By precisely the same argument with | w | < § and therefore 
with N now zero, it is clear that the result is true for all w. Inequality (16.04) 
is an immediate consequence of (16.08), and (16.05) is also an immediate con¬ 
sequence of (16.08). The proof of (16.03) proceeds in very much the same 
way as the proof of (16.08). 

Lemma 16.2. The functions [h n (x)} defined by 
fiftftcA i ^ _ i; ™ 1 f G{u) iux 


h n (x) = l.i.m. ~ f 

A-*co AT J— 


a (u - X„)G'(A„) 
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j form a sequence biorthogonal to {0^**} over ( t, t), and 

hn{x) € !/*(“*, x), ? = • 

The limit in the mean in (16.09) is of the qth order . 

Proof of Lemma 16.2. By Theorem XX 

U — X* 

Thus by Theorem G on Fourier transforms of functions in L p , X n (x) defined as 
in (16.09) exists and belongs to L®(- «, &), q = p/(p - 1). 

By (16.03) 

G{w) ^ All I X* | 42> 

(t o-\n)G'(K) (l + |tr|) l -^|(?'(X n )|* 


Since D < (v ~ l)/2p and p ^ 2, D < Thus if 1 - 4 jD = 5, 5 > 0 and 


G(w) 

(w - X0(?'(X„) 



as [ to I —» 00 . Thus for x < —r and v ^ 0, 


(w 


G(w)e~"°‘ _ (e^’\ _ n (e- u ’^ u \ 

— x»)G'(x») VMv \ I*®I* /’ 


Therefore 


h„(x) = I™ J- f 

JL -*00 ATT •'C 


(tfl — Xn)G'(Xn) 


dw, 


if this limit exists, where C is the closed contour formed by the line (—A ^ 
u A) and the semi-circular arc (| w | = A, 0 ^ am w £ x). But the integral 
of an analytic function around a closed contour is zero. Thus h n {x) - 0, 
x < — t. A similar result holds if x > ir, giving 

h n (x) = 0, | x | > r. 


Again using the transform theorem, Theorem G, 


G(u) 

(U - X B )<?'(X n ) 



dx. 


From this and the fact that G(\ m ) = 0 for all m it follows that 


£ 


hnixW^dx = 


0 , 

1, m — n . 


Thus {/i n (x)} form a biorthogonal sequence to {e A * r ). 
We can now prove Theorem XVIII. 
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Proof of Theorem XVIII. Let C denote a rectangular path in the complex £ 
plane with vertices at (N + § + iM, —N — | + iM, — N — \ - iM, 
N + \ - iM ). Let <f>(x) = 1, | x | < 1, and let <f>(x) = 0, | x | > 1. The 
function G(u) is defined as in (16.01). 

Using residues and Lemma 16.2, 


■ 'is- K C [5 - m > * (rh)] 


(16.10) 


N , 

= £ A.(y)e‘ M - =- / « 


iu(x-v) 


du 


t h n (y)e iX *‘ - y) . 

-w t(* - 2/) 


If/(a) «!'(-*•, t), then by (16.10) 

t e iK i' Mh»(v) dy - - ff(y) " n (iV - + *><« ~ ^ dy 

—N J~r TT <Lr X — y 

- ffiO * 'ii- £ 


(16.11) 




We want to show that the right side of equation (16.11) tends to zero as JV —> 
*>. Let 


(16.12) 


h(x) = [ f(y) dy l.i.m. [ G(u)e *'“ 

J—T A--*«o J—A 


du 


■L 


N+l/2 ^itx-Mz 

1/2 C?({ + 2ikf)(u — { — iM) 




This is the absolute value of that part of the right side of (16.11) for which f 
varies over the upper horizontal side of the rectangle C. By (16.03) 

G(u) = 0(\u\ 4D ). 


Since 4D < 1 it follows that 


(16.13) 

Using 


gCtt) 

(u + i) 2 


€ L(— 


00 , 


oo). 


(16.14) 


1 

u — £ — iM 


1 

w — iM 


+ 


_?_ 

(u. — iM)(u — { — z’M) 


in (16.12), we obtain 
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(16.15) 


- N+ 1/2 * 


a u — iM 

—ivy yW+1/2 


-i/2 (?(£ -+■ iM) 




r r -CO n( 0 .\ p ~'*V /•"Tl/i y 

4- [j(y) dy j_ ^ w _ iM du j_ Nin -j £ “ iM) ** 


By (16.13) the second term on the right above is absolutely integrate. 

Let 0 (w)/( 2 x ) 1/2 be the Fourier transform of /(?/). Since f(y) eL v and since 

f A G{u)e*** 

J~ a u — iM 


du 


converges in the 5 th mean by Theorem G, where <? = p/(p — 1), we can invert 
the order of integration in the following integral giving 

4 G(u)e~ iuv 


r* 


= f -^Hrfdu f f{y)e-^dy = f du. 

Loan — iM JLx JLoo u — tM 


(16.15) now becomes 

W .w*r 

J-ao w — tM X-^_i 




1/2 (?(£ 4- iM) 

G{u)g{u) ^ +1/2 


rqMgM f ™ 11 

i -00 u — iM J~mt- 1/2 (?(£ + iM)(u — | — tM) 




where we have also inverted the order of integration in the second term on the 
right of (16.15). Or, using (16.14), 


r 00 r N ~ 

(16.16) h(x ) = / G(u)g(u)du ! 

J -00 J-N- 


1/2 (r(| -h iM)(u — £ — tM) 




(All we have done in going from (16.12) to (16.16) is justify an inversion of 
order of integration.) 

Clearly for M > 1 and | £ | < 2 N, 


G(u) 


It* - $ - iM 


< AuN 


G(u) 


u — No 


Thus (16.16) becomes 

/* jY+ 1/2 -w 

(16.37) 

Using Holder’s inequality, 


” | G(u)g(,u) 
u — Xo 


du. 
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Using Theorem XX and Theorem G on Fourier transforms of functions in L p , 

£ I I* * fr-i'-V). [£'»r*r- 

Using this result, (16.17) becomes 

U6.19 


(16.18) 


/ .v+ 
N- 


where B is some constant depending only on f(x), p, and D. By (16.04) 

| <?(£ + iM) | 2; A 16 M(M 2 + | { | S N + J. 

Using this in (16.18), 

(16.19) h(x) £ Aia#iV 2 (M 2 + A^ 2 )e“^ <x ” ,ac,) . 

Again let us consider that part of the right member of (16.11) for which f 
runs over the right vertical side of the rectangle C. We denote this by 


h(x) « I f fly) dy l.i.m. f* G(u)e^ uv du 

I J—t A~*oo J—A 

•f 


'LuG(N + i + tv)(u d ]\- 

If we split the range of the integral in u into the ranges (—A, 2 N), (—2 N, 2N), 
and (2 N, A), then, proceeding in a manner similar to that used with Ii(x), we 
can invert the order of integration in y and u, where in this case we use 

_1__ 1 _|_ N + $ + tij — Ap 

u — N — \ — ir\ u — Xo (u — Xo) (u — N — i — in) 

on the ranges (—A, —2 N), (2 N, A). If we define g(u) as before, we have 


2 (x) £ £ G(u)g(u) du 


u G(N + % + iri)(u — N — $ — in) dr> ' 


Or making an obvious change of variable 




Let n n = —N + \ N+n . Then 


| p« — n | £ D 


G(u + N + i) 
G^ + ^r + j) 


_ / U + I — Mo \ TT ( U + i •" P« \ / ^ ~h 2 ~~ M—n \ 
+ 2 ” Mo/ 1 W + 2 — pn/ \*1? + i “ P-ft/ 


Let 
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«■)- n (■ -£)(>-£)■ 

Then using the two equations above, 

. «o /» M g —snj 

m ?zUj(u + N + i)6Au + i) du ]_* + i){u _ ir/) dr, 


Clearly 


u-iv [ 


\u + i - MOi 

unless | u | < 1 and | v I ^ 1? an d therefore 

r . . „ , r |ff(u + N + 1 )Gs(u + i) L r e™ 

h{x) = 4 LI —u+r-w I X.|6 W «+ i,)r 

+ l i \g(u+N + h)Gs( u + i)\du\[ i + 

Since Cr^w) satisfies exactly the same conditions as G(w) the results that have 
been proved for G(w) also hold for G N (w). Thus from inequalities (16.04) and 
(16.05) 

|^^ 1 <A M ( l + |,| )e —- 
And therefore for | x | < r 

Itix) < A ” r I eto+N + MJ.u + i) I du 

(ir — I X I) 2 J-ao I u H“ i — MO | 

+ />(. + !» + »«. + i) I *. | £ + B *1- 


(16.20) 

For h | ^ 1, 


1 


Gs(iri + i) GnO) 


^ | ty | max 
lil^i 


d 


dr} Gh(it} + i) 


Using (16.05) of Lemma 16.1 we have 

^ hi (~r + 72 max I+ 1)iV 

\^8 As hIS1 / 

But 



^ + = 2 b I 


G„(z) 


2iri Jr (z — iv + i) 1 


dz 


where T can be taken as a circle of radius 10 about the origin. Using (16.03) 
of Lemma 16.1, we see that there exists an A 21 such that | G' N (iv + i) | < A 21 , 
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17 1 < 1 . Therefore 


U^ing this we have 


i Gw(i + irj) G#(i) I 


i’ll S 1. 


Z i 1 chj f* 

i (u — ii})Gx(irf + J) 17 ~~ | Gn( i) | i-i rj + iu 44 i-i | v 


s£ -j- + 2^22 < A». 

As 


Using this in (16.20) we have 


T ^ A*) f°° g{u -f N + ?)Gn(u + J) 

U(x) = (, -TzD 5 L -« + f- Uo- 


+ -4a I ff(« + A T + 4) 


If we now split the range of integration (— <x> < u < <») above into two parts 
and apply Holder’s inequality, we get 

«■> * [£“ 1 r ■*«]“’ [c ' •<*+■ n +» 

+ *> r-f 

+ 2A» | -f- N + J) \ 9 dwj 


r M < a *> r r* Gn{u +» * *rr r r i 

4 (t - I X I ) 2 [L U + I - MO J Li- 


fir(w) I* du 


(16.21) 


■Am 

(»— l*l) : 


r/“ 1»(«+4)i“*. t* r r ^+ji d *t 

L•'at* J LJ-* u — fio 


r “11/2 

i L J N/t 1 s(“ + 4) r du 


By Theorem XX 


i-co U 


Gn{u + j) ^ ^ A 2 jN~ b 


J -00 \ u — no\ (p — 1 — 2 pD) 2 ' 

Also we recall that ^(u) e L® and therefore 


lim f | ff(u + I s 

N-+co JNf 2 


du = 0 . 


Using these results in (16.21), we get 
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(16.22) 


lim h{x) = 0, | x | ^ x - 5 > 0, 

N-+ oo 


uniformly in x. This holds entirely independently of M. 

Let us denote that part of the integral on the right side of (16.11) for which f 
varies along the lower horizontal side of the rectangle C by h(x). Then clearly 
h(x) satisfies the same inequality as h(x), (16.19). We also introduce h(x), 
similarly related to h(x). 

By (16.22), we can make h(x), and therefore h(x) + h(x), arbitrarily small 
independently of M by choosing N sufficiently large. Having done this we can 
for the particular value of N, make h(x) + I z (x) arbitrarily small by making M 
sufficiently large, as is clear from (16.19). Thus (16.11) becomes 


lim 

N—to 


t e a " f’f(y)K(y)dy-- f f(y) 

—ff JL x *— T 


sin (N + j)(x - y) 
x - y 


dy = 0 


uniformly in x for | x | ^ ir - 8, 5 > 0. From this it follows by well-known 
results of Fourier series that 


lim t (e** ['Mb* 

.V—*oo -N l J-T 


e 

2 r 


dy\ = 0, 


That the sequence {e An *} is closed v) follows at once from Theorem 

IV, (3.03). Since {e***} is closed, it follows that {h n (x)\ is unique. Thus to 
complete the proof of Theorem XVIII we have only to show that the sum- 
mability properties of non-harmonic Fourier series are the same as for ordinary 
Fourier series. To show this requires a slight variation of the ideas used above. 
We shall take the case of Riesz summability of order a. How to proceed with 
various other types of summability will be obvious from this. We suppose 
that X 0 0. 

Let G i represent the rectangle with vertices at (— iM, N + i — iM, 
N + ? -f- iM, iM) and let C 2 be the reflection of Ci in the imaginary axis. Then 
as in (16.10) 


ik “2 C «*>•-’ *• H (‘ - FT})' * 

(1 “ ) + L (‘ + F+l) ®] 

- 5 (' - FTl)' -; ( “ : TTT 0 - *>• *• 


If we now multiply through by f(y) and integrate as in (16.11), we have to 
show that the repeated integral analogous to the right side of (16.11) tends 
uniformly to zero as N —» qc if | x | ^ x — 5. That this is true is clear if we 
observe that the integral from f = iM to £ = — iM in Ci is cancelled by the 
integral from f = -iM to J = iM in C 2 in (16.23) and thus we are really only 
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concerned with £ as it varies over the sides of the rectangle C in (16.13). This 
we can handle in a manner similar to that used on (16.11). Thus 


lim 

N-* oo 



N + i) //<*■«* 

- j^j)" B *]-° 


uniformly for | x | ^ ir — S if Xo ^ 0. 

If Xo = 0 we can modify the contours C i and C 2 by taking a small semi-circular 
path of radius p around the origin. In this case we have to consider not only 
that part of (16.23) for which £ varies over C but also a part involving 


r [Yi _ _i_y _(i + _j_yi 

l^GCfXti-rtLV N+i/ \ ^N + iJ J 


pe" dB 


where f = pe". The fact that 



N + i 


J-(- 


_£_y 

N+lJ 


has a zero at f = 0 is what allows us to discard this part of the left side of (16.23). 

Thus the Riesz summability of the two series are the same. The same 
method applies to Abel and similar types of summability. 

Proof of Theorem XIX. Here we show that the set 

= n>0, 
(16.24) Xo = 0, 

v — 1 

X_» — ~n + , n > 0 , 

2 V 


which obviously satisfies (15.05) does not have the properties which we have 
demonstrated in Theorem XVIII for sets satisfying (15.03). 

Let q — p/(p — 1), and let us consider cos” 1/fl j3. Clearly for n ^ 1 


(16.25) 


r r r r / a t*/2 i »*/2\— 1/fl 

£ e <x "‘cos r^ixdx = £ (-——) dx 

= 2 1/5 f e int (1 + e‘T 1/s dx 
= 2 1/s lim f T e‘“(l + re")” 1 ' 5 & 

r—»1—0 Y-r 


= 2 1/fl 


lim 

f “* l —0 *-0 


Zr‘(1' r 


>£ 


e i{n+tl ‘dx. 


But for » S 1, k a 0 the integrals on the right above are all zero. Thus (16.25) 
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vanishes for » £ 1. Since X_ n *■ -X», by taking the conjugate of the first 
expansion in (16.25) it is clear that it also vanishes for n ^ -1. Thus 

(16.26) jf cos _1/ff dx = 0, ns* 0. 

Also since cos > 0, j x { < ir, there must exist an a such that 

(16.27) a £ co8~ llq \xdz = 1. 


If p < 2 then $ > 2 and 

(16.28) jf tcos“ 1/ff ix| ? dx < co. 

If (15.05) is sufficient for Theorem XVIII, it follows that there must exist 
an ho(x) such that 

( 16 . 29 ) j 

By Theorem IV, (3.03), it is clear that given by (16.24) is closed 

L p (-r, r). But by (16.26), (16.27), and (16.29), 


Thus ho(x) — a cos 
(16.30) 

Clearly if 


e^lhoix) — a cos 1,q %x] dx = 0 , — » < n < oo. 

1/fl \x vanishes almost everywhere, and therefore 
ho(x) = a cos -1/ * \x. 


(16.31) 


fO, | X | < \Vy 


fix) = 


(*■ - I x I) 1 '* I log Or - 1*1)1' 


< | X | < T, 


then f(x) e L p ( —ir, ir) . But 

[ ho(x)f(x) dx > a [ - - W^i i -Vi 

J—r Jr /2 (T “* X) llp | log (t - x) | 

^ r 2 

> a / 7- 

Jt/2 (7T — 


dx 


Jxf 2 (7T — x ) 1/ «(t — x) 1/p | log Or — x) | 


dx — oo, 


smce 



= 1. 


Thus if p < 2 there exist functions f(x) which cannot be expanded into a non¬ 
harmonic Fourier series in the set (16.24). That is, Theorem XVIII is not 
valid for this set. 
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In case p = 2 then (16.28) does not hold and ko{x) must be identified with 
a eos” i/9 by a different method. Assuming that (16.24) is sufficient for 
Theorem XVIII in case p — 2 there exists an ho(x) such that if 

£ h,(x)e*”dx = H a (w) 

then 

#o(0) = 1 , H 0 (K) =0, n ^ 0. 

Since X_ n = — X n in (16.24), the function %(ho(x) + hoi—x)) has the same 
orthogonality properties as ha(x). Since ho(x) is unique, it must therefore be 
even. Thus H 0 (w) is even. Let 

Since Ho(w) vanishes at all the zeros of F(w), 

Hq(w) = <f>(w)F(w). 


But exactly as in the proof of Theorem III it can be shown that (f>(w) has no 
zeros. Thus 

H 0 (w) = e w F( w). 

But Hq(w) and F(w) are even. Therefore c = 0 and 


If 


H 0 (w) = F(w). 


H 


i (w) == a £ 


cos 


' 1/2 \xe iwx 


dx , 


then by (16.26), Hi(w) vanishes at the zeros of F{w ), and, exactly as with 
Ho(w), it follows that 


Thus 

But this is possible only if 


H x (w) - F(w). 
Hq(w) = Hi(w). 
h(x) — a cos" l/2 


That is, (16.30) holds for p — 2. The contradiction now follows in the same 
way as for p < 2. 

17. Proof of a related inequality of Hardy and Levinson. A more precise 
inequality than that of Lemma 15.2 has been given. 3 

3 Hardy and Levinson, Inequalities satisfied by a certain definite integral, Bulletin of the 
American Mathematical Society, vol. 43 (1937), p. 709. 
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Theorem XXL Let 


(17.01) 


Then 


0 £ di < (h < * • ’ < ^ 1, 

_ (x — Qj)(x — 04) • * • (g ~ fl2n) 

1 _ (x - ai)(s — aa) • • • (x — a 2 n+i) * 

jw = / i/wr^« 

Jn 


r(§ + jOr(i - H) jf ( \ < 2 

(l - Ox 1 ' 2 = i-« 


wifA inequality except when 

1 


/(*) 




/(*)« 


x - i 


m = 
j® = 


2 ' 

1 - 1’ 

r(i + i<)r(i - JO 


iCT^D’ " w ” (i - ty* 

Lemma 17.1. Iff(x) satisfies (17.01), then 


(17.02) 


f X F{f(x)l dx = f F(y) 

J—oo **—00 


dy 

V 2 


whenever F(y) is defined for all values of y and either integral exists as a Lcbesgue 
integral 


Lemma 17.1 is essentially the same as a theorem of Boole. 4 
There are two other definitions of f(x) equivalent to that of the relations 
(17.01). In the first place, as we can verify at once by resolving f(x) into partial 
fractions, 


(17.03) 

where 

(17.04) 


fix) = Z 


a. 


x — az,+i 


ol v > 0, Z a > = !• 


This is the form which we shall generally use here. Secondly 


/(3?) x — a%v 

where ft > 0. If we write l/y for y and G(y) for F(l/y) } then (17.02) becomes 

* G. Boole, On the comparison of transcendents , with certain applications to the theory of 
definite integrals , Philosophical Transactions of the Royal Society, vol. 147 (1857), pp. 
745-803, in particular page 780. 
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j_ G{g(x)} da = £ Giy) dy, 
which is Boole’s formula. 

To prove Lemma 17.1 we observe that, after (17.03) and (17.04), the graph 
of f(x) consists of n + 2 descending pieces corresponding to the intervals 
(— oo, ai), (ai , a 3 ), • • • , (<hn+i, 00 ), the corresponding intervals of variation of 
f(x) being (0, — 00 ), (*>, — <*>), • • • , ( 00 7 0); and that, when x moves from — <*> 
to °°,f(x) moves, in all, n + 1 times over the same range. The line f{x) = y 
cuts the graph of f(x) in n + 1 points X \, a*, • • • , Zn+i; and 

f F(y)dx = f°F(y)P(y)% 

J-* J -« y 

where 



We have to prove that 

Pfo) = 1. 

It follows from considering y — /(x) that 
(17.05) y II (* - 0*+1) - - 0 *+i) = V II (* “ */)> 

where y on the right side comes from comparing the coefficients of x n on each 
side of the equation. Hence, first, equating the coefficients of x*' 1 in (17.05) 
and using (17.04), we have 

(17.06) Eav-Z«Hi = -. 

y 

Next (17.06) is an identity in y when x y (y) is substituted for x, . Hence, differ¬ 
entiating this we obtain 



It follows that P(y) = 1 . This completes the proof of the lemma. 

In what follows it is convenient to symmetrize our analysis about the origin, 
which we can do by writing x — \ for x. We have then 

r l/2 

(17.07) J(t) = I/(*) |‘ dx, fix) = 2 , «. > o, = 1, 

J—l/2 X (2 2 p —1 

(17.08) = o>i < o>2 < • • * < (hn +1 ^ §. 

Lemma 17.2. If f(x) satisfies (17.07) and (17.08), then 

(17.09) m = JL - £|i/(i) r+ \fi-x) r - |J dx. 
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Proof of Lemma 17.2. Suppose that c is small and positive and that { and ij 
are thelargest and smallest roots of /(x) = .and /(x) = -.respectively. Then 
£ > £ and i? < — §• Also 








and so 


H siS H' 


(17.10) t = ; + 0(1) ’ 

where the 0 refers to the limit process e -* 0. Similarly 

(17.11) ij = -i + 0(D- 

Define /« by the relations 

/. = /, (l/l s «); /. = o,(|/l <«)• 

Then, by Lemma 17.1 

r , F , ,h , 2« 1_1 

l o \f.l t dx = 2 I \yr 2 dy~ 


Hence 


(17.12) 


Now 


J(t)= 1/l‘dx = lim / |/«l dx 

Jl .1/2 «-»0 J — i /% 

-s{rm -(J>' i ‘ + r i/|, ' b )}' 


/(x) = x _1 + 0(x 2 ), |/(x) |‘ = | X I ' + 0(1 x I ) 

for large x. Hence by (17.10) 

£ l/riI , ^{(1 + o( I ,) M -(!)"}+ OM-OW. 

and we may replace f by 1/. in (17.12). Similarly we may replace ij by - 1/t. 


Hence 


J(0 = Umj^ - £ (|/(x) I' + l/(-x) n <**) 

. j?C _, f * - f{i/«r +r -1}*}, 

«_o \l — t hn v j 1/2 ( a-J J 


which is (17.09). 
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Lemma 17.3. If | x | > j then 

4>(x) = | f(x) f + [/(-^) |‘ 

is (for every x) least and greatest whenf(x) is 1/x and x/(x 2 — \) respectively. 

Proof of Lemma 17.3. We may suppose x > §. We consider the pole A of 
f(x) nearest to an end of ( —§, £), If we suppose, for example, that A > 0, 
then A = Oj„ + i. If 


{ = 


1 


{' = 


1 


x — a' ' x + a } 
then all these numbers are positive and 


1 

x- A' 


S' = 


1 

s + A* 


(17.13) § > 4 £ 1 

for any positive pole a other than A . If 

*u) = 4>{x) = i/(x) r+ \f(-x) r = (e ~) + (e ^- 0 ). 

then 




: - l/C-*) I 


{x-AY n (x + A)*’ 

where A is the a corresponding to A. This will be positive if 



and this is true on account of (17.13). 

Hence we decrease <t>(x) by moving A to the left, to the next pole, or to the 
origin if there is no other positive pole. Similarly, if A were negative, we 
should decrease <f>(x) by moving A to the right. It follows by repetition of the 
argument that <f>(x) is least when all the s coincide at the origin, and f(x) — \/x. 

Similarly <f>(x) is greatest when all the a’s are at one of the ends of ( — §, §). 
In this case 


/(*) = 


x - \ x + % 


x-p 

X 2 -V 


where 0 = a — 0 ^ a £ 1, \f$\ S Finally 

\z-fi\' + \x + e\ t <2\z\ t 

if | * | > 0, so that the true maximum of 4>(x) occurs when 


f(x) = 


x 


x 2 - 


4 


Proof of Theorem XXL We take the interval as (—£, £) so that the two 
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critical functions are 

fi(x) = l -y /*(*) = ^Ti¬ 
lt follows from (17.09) and Lemma 17.3 that 


with inequality unless / — /i« Also 

r 1/2 /*U2 

f l/i'di- f \h\dx 
1i/j J-i/i 

= r (i / a (x) r + i/ 2 (—x) r - i/(z) r - i/(-*) d <&. 

•L/2 

by (17.09). and the last integral is positive, by Lemma 17.3, unless / — h » 
Finally 

1/2 , r m i x I*, r(J + iord - it) 

JM dx = L\^i\ dx= 

by an elementary calculation. 



CHAPTER V 

FOURIER TRANSFORMS OF NONVANISHING FUNCTIONS 1 

18. Introduction. If a function f(x) eL( — x, x) and if it has a Fourier 
series 

fix) ~ E a„e*" 

0 

that is, if 

a_ n = 0, n = 1, 2, — , 

then, obviously,/(a:) is the boundary function of a function analytic in the unit 
circle, and, being such a boundary function, f(x) cannot be equivalent to zero 
over any interval, no matter how small, unless f(x) is equivalent to zero in the 
whole interval (—x, x). 

This result can be immediately generalized to the case where 
fix) ~ E One *'" 1 

with 

a~~n = 0(e~ Sn ), n—>co, 

for some S > 0. For in this case f(x) is the boundary function of 

00 

giw) = E <*»«>”) 

which is clearly analytic in the ring e~ l < j w | < 1; and therefore again f(x) 
cannot be equivalent to zero over any interval without being entirely equiva¬ 
lent to zero. 

Suppose that we have a function f(x) whose Fourier coefficients do not satisfy 
any condition of the form a„ = 0{e~ in ) or a_ n — 0(e“ 5n ). Then f(x) is no 
longer the boundary function of an analytic function. The question now arises 
whether or not we can find conditions under which such f(x) have the property 
of vanishing completely if they vanish over any interval. That we can follows 
from results of Chapter II. For example, a much simpler result than Theorem 
XII and an immediate consequence of it is: If f(x) x, x) and has the 
Fourier series 

taJ'% 

1 This chapter is not on gap or density theorems but is related to these. Moreover the 
results of this chapter are necessary for later use. 
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where 

for an increasing function 9(u) such that 
J i 

then /(x) cannot vanish over any interval unless it vanishes over (—r, t). 
There is an analogous result in Fourier transforms. 

Theorem XXII* Let F(u) «L(- °o , *) and let 
(18.01) F(u) = 0(e-* M ), u-* co, 

where d(u) is a positive increasing function such that 

(18.02) l 6 ^§ du= "• 

Then f(x), the Fourier transform, of F(u), cannot vanish over any interval unless it 
is identically zero. 

Condition (18.01) is a one-sided condition. The theorem would of course 
be true if (18.01) held for u < 0 instead of for u > 0. 

The condition (18.01) certainly will be satisfied if 

(18.03) F(u) = 0(6-*“), ti > 0, 

for some 5 > 0. In this case we can obtain the result of Theorem XXII quite 
easily. Let z = x + iy and let 

° *»<*• 

Clearly by (18.03) 

l*>I s jssajf 1 

Thus f(z) exists for 0 £ y < 5. Similarly/'(z) exists for 0 < y < 8 and there¬ 
fore/(z) is analytic in the strip (0 < y < 6, — °o < x < <*>). Thus f(x) is 
either analytic or at least takes the boundary value of an analytic function. 
Therefore, by well-known results in function theory it cannot vanish over any 
interval unless it vanishes identically. 

In this sense Theorem XXII is an extension of the fact that an analytic 
function, not identically zero, with (—oo, oo) as a boundary cannot vanish 
over any interval of (— » t oo ), The relationship with the general class of 

* Cf. N. Levinson, On a class of non-vanishing functions, Proceedings of the London 
Mathematical Society, vol. 41 (1936), p. 393. 
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functions which are analytic in part of the half-plane above the boundary 
(— oo, oo) is given by the following theorem. 

Theorem XXIII. 3 Let F(u) satisfy the requirements of Theorem XXII. Its 
Fourier transform 

(18.04) fix) = £ F(u)e— du. 

Let g(z) he analytic for (a S x ^ b, 0 < y ^ y) and continuous in {a S x S b, 
0 S y S r). Suppose f(x) = g(x) for a<ct^x^P<b. Then fix) = g{x) 
for a ^ x ^ b. 

Theorem XXII is a special case of Theorem XXIII with g(z) = 0. Thus it 
will suffice to prove Theorem XXIII. Another special case of Theorem XXIII 
which is useful for subsequent application is the following result. 

Theorem XXIV. Let F(u) satisfy the requirements of Theorem XXII. Then 
if f(x), the Fourier transform of F(u), coincides with an analytic function over some 
interval it coincides with the analytic function over its entire interval of analyticity 
on the x axis. 


The condition (18.01) can be considerably weakened. The condition 
Fiu) € L( — oo, oo ) can also be considerably modified without otherwise affecting 
these theorems. This is done in Theorems XXVII and XXVIII. 

19. Proof of the basic theorem. In proving Theorem XXIII we shall re¬ 
quire several lemmas. 

Lemma 19.1. If 6iu) is a positive increasing function of u and if 
(19.01) f log (e~* + e -* (0> ) 

then 

(19.02) du < oo. 

J l u 4 

Proof of Lemma 19.1. Let the set of intervals over which $iu) > u be de¬ 
noted by E . Then by (19.01) 



+ / log e~* {u) 


du 
u 2 


> 


- 00 , 


where CiE) is the set of points complementary to E in (1, »). From this it 
follows at once that 


(19.03) { — < °°, 

Js U 

* Cf. N. Levinson, A theorem relating non-vanishing and analytic functions , Journal of 
Mathematics and Physics, vol. 16 (1938), p. 185. 
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(19.04) f du < «>. 

Jc(B) u 2 

Let the intervals of E be denoted by {a n , &„). From the definition of E as the 
intervals where Q(u) > u it follows that 

6(u) ^ b n , a„ < u < b n . 


Thus 

(.9.08 /,f 

From (19.03), 

(19.06) 2'” ) log-<». 


But (19.06) implies that 


Thus (19.05) gives 


2"(s ->)<-• 


This and (19.04) give (19.02). 

Lemma 19.2. If g(z) is analytic in (0 ^ x ^ 1, 0 < y sg y < Jx) and con- 
tinuousfor (0 ^ x ^ 1 , 0 ^ y 7 ), and z/ 

(19.07) JiU) = £ (Cziy* (e* - l) 2 (e - e'fgix) dx, 

then 

(19.08) | Ji(u) | ^ 10 5 e _Ttt/2 max | g(z) |, u > 0, 

where in max | g(z) |, z ranges over (Q^x^l, %y). 

Proof of Lemma 19.2. Using the Cauchy integral theorem in (19.07) we take 
instead of the path (z = x, O^x^l) the path made up of the arms of an 
isosceles triangle (z = x + iyx, 0 ^ x S §) and (2 = x + iy( 1 - x) } J S x g 1). 
Thus 


ri/2 

Jliu) = (1 + iy) I (e l(1 ' H,) - l)‘“ +2 (e - ^^“'gb + iyx) dx 
J 0 

( 19 - 00 ) + (1 - iy) [ ( e I+, '’' (1 -* ) _ l)‘“ +2 (e - 

* 1/2 


•g(x -f- ^ 7(1 “ »)) dx. 
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Clearly, for 0 ^ x S £ 


/ x(l-Hy) _ i\ . 

= «“ - e-*) - am (e 1 ^ - «") 


(19.10) 


-i sm yx i . -i / - 

= tan - - --+- tan -- - - 

cos yx — e~ x e l ~ x — cos yx 

_ , —i sin yx 

^ tan - - -. 

cos yx — e~* 


-i sm yx 


But for 0 ^ x ^ i 


x St cos yx — e 


since this inequality holds for x = 0 and 


(x — cos yx + fi~*) 1 + y sin yx — e 


for 0 < 7 < i*", 0 S x ^ Thus (19.10) becomes 


(e 9 ^ - l\ _ —i, sin 

l ( -tttt-. I ^ tan — 

v — e* <1+ *' lr V ; 


_i sin 


= tan 1 (2 cos Jy tan Jy) 


0 ^ x £ 1, 


- tM1 1 (^2 tM1 ^ 7 ) > tai1 1 ^ ^ = ’ 7 - 

Thus for u > 0, 

r l/2 / *U+*t) l\*« 

(1 + iy) L ( e - (el+iTI “ 1)2(e - « r ° +w )V* + »TX) (to 

S ic\e~"‘ l2 {2e) i max | ff ( 2 ) | £ max | ff ( 2 ) |. 

In precisely the same manner this holds for the second integral on the right of 
(19.09). Thus 


i Ji(u) | ^ 2 u e 7u/2 max | g(z) |, 


This completes the proof of the lemma. 


Lemma 19.3. Let 


(19.11) 


'.(«, •) = f («* - ir +! (« - e*T* 


Then for u > 0 and any y such that 0 < y < J*- 
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(19.12) 

1 Hu, v) I 5 10 5 e~ 7< “~’ ,/1 , 

v > 0, 

(19.13) 

| J,iu, v) | < 

v <0. 

Also there exists a constant C such that 


(19.14) 

i <c! t M !- 

1 + IT 


Proof of Lemma 19.3. 

0 ^ y S hr, 

If in Lemma 19.2 we set g(z) — e~"\ 

then, for 


Se”' 1 , 

v > 0, 


| -ivit+i,) | g 

v < 0. 


Thus (19.12) and (19.13) follow from Lemma 19.2. By (19.11), 
(19-15) I Jt{u, v) | £ e 4 . 


For | t;J^> 1, if we integrate (19.11) by parts twice, each time integrating the 
term e and differentiating the other terms, (19.14) follows at once. That 
(19.14) is also true if | v | £ 1 is clear from (19.15). 

We can now prove Theorem XXIII. 

Proof oj Theorem XXIII. We shall prove that f(x) = g{x) for 0 £ x £ b. 
That this is true for a g x £ a follows in exactly the same way. This case can 
also be reduced to the first by considering f(-x) and g(-x). Thus it suffices 
to prove the result only for £ <£ x <; 6. 

With no restriction we can assume a = 0 and 6 = 1. (Then 0 < p < 1.) 
A simple linear transformation of variables reduces all cases to this one. Thus 
in what follows a = 0 and 6 = 1. Our hypothesis now is that f(x) = g(x), 
(0 - x ^ 0)»where 0 < 0 < 1, and we shall prove that f(x) = g(x), (fi g % 1)! 

Let '* 

(19.16) h{w) = jf {f(x) - g(x)\(e* - 1 ) !+i ”(« _ e^’dx. 

But/(*) = g{x), 0 £ x g 0. Thus 

h(w) = f {fix) - gix)\ie* - l) 5+, '“(« - e^^dx. 

If UJ =-u + tv, then, for v > 0, h(w) is analytic and, for v S 0, h(w) is continuous. 
Also, for v ^ 0 

I hiw) | s (*» - l)-(e - /Ye' f \fix) - gix) | dx. 

If B is defined by 


e - £ 
1 
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then 

(19.17) | h(w) | g Ae B \ v & 0, 

where A will be used to represent any constant depending only on f(x) and g(z). 
From (19.16) and the definition of Ji(u), 

k(u) = -Mu) + ff(x)(e* - ir(e r^e^dx. 
j 0 

Using the definition of /( x), 

AM « -Jito + jf V - «*"> - e 1 ) 1- '* —i £ F(y)e^dy- 
From the definition of Jt(u y v), 

(19.18) AM = -Hu) + ^i 7 2 £ F(y)J,(u, y) dy. 

Clearly 

(19.19) | £ nyy.(«, y) dy | S (£" + £) | F(y)J,(u, y) \ dy. 

From Lemma 19.3 

| Jt(u, y ) | ^ 10V Y “ M , y < $w, t* > o. 

Using this and (19.14), (19.19) gives 

I f F(y)J t (u, y) dy £ Ae^ + Au 1 f dy. 

I *Lw Ju/t y* 

Recalling that | Ji(u) | ^ <Ae _Y “ /2 , (w > 0), (19.18) and the above inequality 
give 

(19.20) | h(u) | S Au 2 (e^ 11 + £ L^- 1 dy), u > 1. 

But F(y) = 0(e“' (,) ), (y -» «>). Thus 

(19.21) | A(u) | £ Au\e~ yuli + e~ ,(W2> ), « > 1. 

Or 

P log I A(tt) | * S A + £ kg (e' 1 ”' 4 + e -' ( “ /2 >) 

* i itr Ji u l 

By Lemma 19.1 since J® 6(%u)u~ 2 du = <*, 

r log (e~ yul * + e-“* w ) ^ = -oo. 

Ji w* 


Thus 
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(19.22) /” log | h(u) | ~ = -«. 

u 2 

. We n “ w use an argument already used previously. Let us assume that h(w) 
is not identically zero. Then by using Carleman’s theorem, Theorem B on 
h(w) in the upper half-plane it follows that 

0 < i(L + /) Iog|A( “ ) i(^-i) d “ 

+ trIo log ‘ h ( Re<> ') I sin 0d8 + A. 

Or 

- f log- | Mu) I (i - i) du £ (J* + Q l og + | h(u) , g 

+ 1/ lo g + I | dd + 4. 
But | A(w) | £ Ae B ’ t (|*| > 0). Using this gives 

! °g- I Mu) \ (-t _ ^_) du < A 

or 

Since A is independent of R, it follows that 

(19 - 23) log - I k(u) [ ~ < oo. 

Jl y2 

But this contradicts (19.22). Thus h(w) . 0, and therefore 
(19.24) J t { f( x ) _ j ( e * - i) 2 ( e - & = o. 

If we now set 


e •— e* 


= 


then the interval (° < * < 1) maps over t0 the interva , ( _ M < , < 

fun^i eaSen A ” ° f an “^grable function. But only 1 

cally. This means thatTh T” a Founer tran sform that vanishes identi- 
interval (— “ ? < t vS^T^ * " **> ° n the 

vanishes almost everywhere oI S 1) ^tT***™- ™ US ~ *<*> 

functions are continuIuT ’ ^ Pr0VeS ° Ur the0rem since both 
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For the next section the following theorem is necessary. 


Theorem XXV. Theorem XXIII (and therefore also XXII) remains true if 

(19.25) /‘glog f |F(y)|§= 

vr 4 U y 

replaces conditions (18.01) and (18.02). 

Theorem XXV includes Theorem XXIII, for if F(y) = 0(e'* < * ) ) where 6(u) 
satisfies (18.02) then 

(19.26) Jr | F(y) I p = 0 (e™ jT |) = Ofe”**). 

By (18.02) this leads to (19.25). 

Pm?/ 0 / Theorem XXV. The proof follows that of Theorem XXIII with 
only one difference, which we shall point out. Here we define 

(19.27) ««)- -log/V(0)l^. 

By (19.25) 


Also 0(u) is monotone increasing. To go from (19.20) to (19.21) in the proof 
of Theorem XXIII with 6(u) defined as in (19.27), we use (19.27) instead of 
F(y) = 0(e~ 6iv) ). Otherwise the proofs are identical. 

20. Proofs of related theorems. The following theorem serves two purposes. 
It shows that the results of this chapter are best possible and it is necessary for 
subsequent results. 

Theorem XXVI. 4 Let <j>(u) he an even and a positive increasing function of 

M- V 

( 20 . 01 ) ftM du < 

J 1 U 2 


then given any x 0 > 0 there exists an entire function H(w), not equivalent to zero, 
such that 

(20.02) ,*(«),. ^ 

and such that the Fourier transform of H(w), h(x), vanishes outside of \x \ £ Xq 
and h(0) 5 * 0. 

This theorem shows that condition (18.02) is best possible, since H(u) which 
4 This result is essentially due to Paley and Wiener, loc. eit,, chap. 1. 
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satisfies (20.01) and (20.02) has a transform that not only vanishes over an 
interval but over all except a finite part of the line. 

Proof of Theorem XXVI. Let 

(20.03) fa(v) = *(2«) + log (100 + 100u 4 ). 


Then fa(u) is monotone increasing for u > 0. Let 

_ , . + Dfa(& 

(20.04) <r(», v) = 


, (ft - f)* + (»+1)* 


if. 


Since fa(Q ^ 0, 


cr(u } v ) ^ -0, 


v > —1. 


Since 


v + 1 


r.-H. 


(u - 0* + (v + 1) J w - { + *' 


it follows that <r(u, v) is a harmonic function for t> > — 1. Since fa(u) is increas¬ 
ing and positive, 


, \ ^ f fa(V(v + 1) 

* Jwdul-©*+(• + !)** 

- * l(u) f,u I ({-|uD*"+'(*+l)* de = 2 * (u) - 


Thus 


<r(u, v) > <fo(w). 

Let t(u, v ) be a conjugate function to <r(u, a) in the half-plane v >— 1. 
Since <r(u, v) + tr{u, v) is analytic for v > —1, 


Hi(w) = 

is analytic in the half-plane t; > — 1. 


(w + t) f 

Since <r(u, v) is positive, 


(20.05) 


s2 0. 

Also since <r(w, v) > fa{u) 



I Hi(w) | £ 

t£0. 

Using (20.03) 



(20.06) 

l^iMI S 100 ( 1 + M< )- 



Let 
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For x < 0, the path of integration on the right can be closed in the upper half¬ 
plane since by (20.05) 


\H l (w)e~ 


“ i + H 2 

But the integral of an analytic function around a closed contour is zero. 

hi(x) = 0, 


Thus 
x < 0. 


Since Hi(u) is not identically zero, hi(x) cannot vanish identically. Since 
| Hi(u) | <1/(1 + u 4 ), hi(x) is continuous. Thus there must be a point Xi > 0 
such that hi(xi) ^ 0 but such that h(x) = 0, x S — Xo . Let hi(x) = h x (x + 
xi). Then 

Aj(0) 0; h 2 (x) = 0, (x S “£<>)• 

If 

(20.07) H t (w) = 

then 


W*) m hi(x + Xi) 


S5*£ 


That is, fl^w) is the Fourier transform of /^(x). 
Let 


Then 


h(x) - h i (x)k x (-x). 


h( 0) s* 0; h(x) =0, (| x | £ Xo). 

Since Hi(—u) must be the transform of A*(—x), 

A(x) = ^ [° HMe^duj" i?,(-*>“*" <fe. 

Let v = t — u. Then 

A(z) = i. (" H,( u ) du f H t (u - t)e~ u *dt 

2t J—oo J— oo 

= i- f” e~*‘‘dt r H t (u)H,(u - t)du. 

J-op v— oo 
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Thus the Fourier-transform of h(x) is 

mu) = £ H t m*a -«) <#. 

From this, (20.06), and (20.07), it follows that there exists for v ^ 0 
ffW - —- «)«. 

For v ^ 0, transforming the variable of integration, 

H(k>) — ( 2^)u i j [ <ft. 


Thus for v ^ 0, 

lft({ +w)| max 


+ f I #*(£) I max | #*(£ + w) | (ft. 


By (20.06) and (20.07) this becomes 


|H(u»| ^ 




c 

*l—QO . 


di 


+ ■ 


e 




KUJ 

w 4 / 16 ) Loc 


dt 


100(1 + w*/16) JL« 100(1 + £ 4 ) 1 100(1 4 “ m 4 /16) 100(1 + {*) 

v a 0. 


~ 50 + 2u 4 ’ 

Similarly this holds for v S 0. Thus 


(20.08) 


I H(w) | S 




1 + w 4 * 


(20.02) follows for v = 0. (Actually (20.08) is not needed here but will be used 
in a later chapter.) Since h{x) vanishes outside of a finite interval, its Fourier 
transform must be an entire function. This completes the proof of the theorem. 

In Theorems XXIII and XXV (and therefore also XXII and XXIV), the 
conditions on F(u) can be considerably relaxed. In the first place, as u —» « the 
fact that F(u ) must be small can be put in a less restrictive form than (18.01) 
and (18.02) or than (19.25). Secondly, for u < 0 not only does F(u) not have 
to belong to L(— , 0) but F(u ) can behave like e !l * 11/s for example as u —* — oo. 
The following theorem is an extension of Theorem XXII along these lines. 

Theorem XXVII. Let e~* lwl F(u) « L(— co, oo) for any c > 0, and let there 
exist an even positive function increasing with | u | and such that 


r 




du < co. 


Let 
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(20.09) f \F(u)\e-* M du < «o, 

J— 00 

and let 

(20.10) f ~ log f | F(v) \e~* (v) do = - ». 

* i u *« 

If for some a and b , (6 > a), 

(20.11) lim f" I I" F(u)e- ,M ~ iul du dx = 0, 

t—*0 »a I J—ac 

then F(u) is zero almost everywhere over (— oo, oo). 

We observe that (20.11) is a generalization of the requirement that the trans¬ 
form of F(u) vanish over an interval (a, b). Inequality (20.09) is certainly 
satisfied if F(u) tL p , p ^ 1, or if F(u) = 0(| u | 4 ) or 0{e wlt ) as w - oo. 
Equation (21.10) is a much weaker requirement than (18.01) and (18.02). 

The following theorem generalizes Theorem XXIII (and XXV) in the same 
way that Theorem XXVII generalizes Theorem XXII. 

Theorem XXVIII. Let F(u) satisfy the requirements of Theorem XXVII. 
Let g(z ) be analytic in (a S x S b, 0 < y £ y) and continuous in (a £ x Sb, 
0 | y S t). Let there exist an f(x) such that 

(20.12) lim £ |/(z) - ~ 7 2 £ du I dx = 0. 

If f(x) = g{x) almost everywhere in (a < a ^ x ^ j3 < 5), then fix) must equal 
g{x) almost everywhere in (a < x < 5). 6 

Proof of Theorem XXVII. Let 0 < z 0 < l(b - a). By Theorem XXVI 
there exists an h(x) which vanishes for | x | > x 0 and with Fourier transform 
H(u) satisfying 

(20.13) | H(u) [ g 

1 + u* 

where is given in Theorem XXVII. Let 
Fj(w) = F(u)H(u). 

Then by (20.13) and (20.09), FJu) tl(- «, 0). Again, by (20.10) 

fV(»)|e-* w da < «. 

J 2 

* The condition that g(z) be continuous for (a £ x £ b } 0 5 y 7 ) can be replaced by 
/l I 9(2 + iy) - g(?) | dx -♦ 0 as y -> + 0 . 
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Thus Fi(v.) ( L(2, *). Since F(u) is integrable over (0, 2), we now have 
F,(«) tL(— », «=). Again by (20.13), 

I |F(»)H(#)|<fo £ j | F(v) du. 

Thus by (20.10) 

l p 0 s[ —■ 

Thus Fi(u) satisfies the requirements of Theorem XXV. 

Let the Fourier transform of Fi(u) be 

= limi r F(u)e- M ~ i,a du P h(S)e iu( d{. 

*-♦0 Zt J—qo 

Since e~ ilul F(u) «L(— «, oo) } it follows that 

(20.14) /,(*) = lim 1 P h(£) di [" du. 

t-»ao 41T J-* 0 J-«a 

By (20.11) this gives 

fi{x) =0, a + zoKxKb-Xt. 

Since F\(u) satisfies Theorem XXV, it follows that/i (a;) ss 0, (— oo < x < <*>). 
Thus its transform, F\(u) = H(u)F(u), must be zero almost everywhere. 
Since H(u) is an entire function, it vanishes only at isolated points. Thus 
F(u) is zero almost everywhere. This completes the proof of Theorem XXVII. 

Proof of Theorem XXVIII. Let 0 < Zo < J(/3 — a). Since 4>(2u) satisfies 
the requirements of Theorem XXVI if <f>(u) does, there exists H(u) satisfying 

~*(2u) 

(20.15) | H(u) I g Lj— 

and such that h(x)> its transform, vanishes for | x | £ x 0 . Proceeding exactly 
as in the proof of Theorem XXVII, we obtain (20.14). From (20.14) and 
( 20 . 12 ), 

(20.16) /i(x) = f h(()f(x a + Xo<x<b-Xo. 

J-x 0 

We recall that Fi(u) } the transform of fi(x), has been shown to satisfy the re¬ 
quirements of Theorem XXV. Let 
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(20.17) gi(.z) = [ h(£)g(z - $) 

J ~ x 0 

Then gi(z) is analytic for (a -f xo < x <6 — xo, 0 < y < y). Thus gi{z) 
satisfies the requirements of Theorem XXV. Also by (20.16) and (20.17) and 
the fact that f(x) = g(x) almost everywhere in (a, /3), it follows that/i(x) = 
gi(x), (a -f xq < x < p — xq). Thus by Theorem XXV, 

fi(x) = gi(x), a + xo<x<b — x 0 . 

That is, 

(20.18) f fc({) {/(i - i) - g{x - f)} = 0, a + x<> < x < b - a*. 

But (20.18) will also hold with h(£)e' v * instead of h(£) since the transform of 
this function is H(u + t>), which for any fixed v can be used just as well as H(u ) 
itself in obtaining the above results, providing we can show for any fixed v that 

(20.19) H(u + tv) - 0(e~* iu) ), M-* «>. 

But it was just to assure this result that we use <f>(2u) in (20.15) rather than 
simply 4>{u) itself, since as | u | gets large 2 | u | — 2 | v | soon exceeds | u | in 
magnitude. Thus for large | u | and fixed v, 4>(2u + 2v) > 4>(u). From this and 
(20.15), (20.19) follows. Thus instead of (20.18) we now have, for all v , 

f Kl)\f(x - {) - g(x - f)} e" ( di = 0, a + x, < x <b - x„. 

*-• 0 

Thus for almost all £, | £ | < xo , 

(20.20) h(£){fix -£) - g(x - £)) = 0, a + Xo < x < b - Xo. 

But h{ 0) 7* 0 and A(£) is continuous. Thus there exists a 8, 0 < 5 < Xo , such 
that h(£) 0, | £ | ^ 8. Thus (20.20) gives for almost all £, | £ | S $ < Xq , 

fix - £) = g(x - £), a + xo < x < b - x 0 . 

From this it follows at once that/(x) — g(x) for almost all x, (a + Xo < x < b — 
Xo). Since x 0 can be chosen arbitrarily small, it follows that f(x) — g{x) for 
almost all x, a < x < b. This completes the proof of Theorem XXVIII. 



CHAPTER VI 

A DENSITY THEOREM OF POLYA 


21. The density theorem. In this chapter we shall prove what might be 
called the classical density theorem although the theorem started as a gap 
result. 

If a sufficient number of the coefficients of a power series are zero, every point 
on its circle of convergence is a singular point. This was first proved by Hada- 
mard for the power series 

Em x ‘ 

»-0 

where 

X«+iAn kc> 1. 

An example of such a series is 

F(z)^±z i \ 

*~0 


The points 

{k/ 2 m }, 0 <k <2 n ,m - 1,2, ... , 

are everywhere dense on (0, 1). Let us consider the series F{z) as z —> £ viknm 
along a radius from z = 0. Clearly here lim | F(z) | = <». Since this is the 
case for an everywhere dense set of points on the unit circle, the unit circle is 
a natural boundary for F{z). 

This result has been extended and improved considerably. Let us consider 
the following series: 

t(z) - t a,z l \ 

it*—0 

f(z) must possess at least one singular point on its circle of convergence. Let 
this point be z 0 . Then the points z 0 e 2Txlz and z Q e Ar%ld must also be singular 
points. Thus if X n = 3n, f(z) will have at least one singular point on every arc 
on its circle of convergence of circular measure exceeding 2ir/3. This result 
remains true if X n = 3n is replaced by the much less restrictive condition 


This follows from the following theorem which is stated for Dirichlet series and 
therefore includes power series as a special case. 
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Theorem XXIX. 1 Let 

(21.01) f(z) = E tt n e -Xw * 

»—1 

where 

(21.02) lim ~ = D 

n—oo An 

awd /or some c > 0 

(21.03) X n+1 - X n ^ c. 

Then on the abscissa of convergence there is at least one singularity in every interval 
of length exceeding 2irD. 

In particular if D * 0, the abscissa of convergence is a natural boundary. 
Theorems involving a sequence {X n j of density D are very often proved by 
using the entire function 

*»-$(*-a)- 


In other words an important way to make use of the properties of {X n } is by 
means of the corresponding properties of F(z). For example n/X« —» D implies 
that 


lim 

lv|-» 


log F(iy) 

\y\ 


= *D. 


In certain respects this last result is a much easier one to make use of than 
n/Xn —» D. Thus the proof of Theorem XXIX makes use of the following 
theorem. 


Theorem XXX. 2 If {X„} satisfies (21.02) and (21.03) and if 
(21.04) F(z) = n(l -jj), 

then as r —* <*>, for € > 0 

(21.05) F(re' 9 ) = 0(exp {?rDr|sin0| -f <r}) ; 

(21.06) Fire*) = ^ exp ^~ rDr I sin 6 I + * r Df I re '‘ ~ x » I = i c < 

1 Pblya, Ueber die Existenz unendlich vieler singuldrer Punkte auf der Konvergenzgeraden 
gevrisser Dirichletscher Reihen, Sitzungsberichte der Preussischen Akademie der Wissen- 
schaften, 1923, pp. 45-50. 

* F, Carlson, fiber Potenzreihen mit endlich vielen verschiedenen Koeffizienten, Mathema- 
tische Annalen, vol. 79 (1919), pp. 237-245. 
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and as* n —► oo 

(2i.o7) rfc) - 0(e ‘ X “ } ' 

Theorem XXX will be a corollary of a more general theorem, whose proof will 
follow that of Theorem XXIX. 

Proof of Theorem XXIX. With no loss of generality we can assume that the 
abscissa of convergence of f(z) is x = 0. If there exists an interval of length 
greater than 2xD on x — 0 on which f{z) has no singularity, we can also assume 
with no loss of generality that this interval is — B ^ y ^ B where 

B > tD. 

If f{z) contains no singularity on x — 0, | y | ^ B, then there exists some a > 0 
such that f(z) is analytic for x ^ — a, | y | ^ B. 

Let 4 

H(w) = £*/(*)«“ dz. 

Then if to = u -f w, H (w) is defined for u < 0. By the Cauchy integral theorem, 
we can change the path of integration to give 

—a-KB - oo-HB 

f(z)e ” dz + / f(z)e" dz. 

a J-a+iB 

The path in the second integral is along the line y — iB from x = —a to x — oo. 
Let b > 0. Then 

/ — a+iB -&-KB p<x>+iB / oo V 

f(z)e“ dz+ I }(z)e° z dz + e "‘( E a„e~ Xi ‘) dz. 

a J— a+iB J b+iB \ 1 / 

The condition lim n/\ n = D causes the Dirichlet series for f(z) to converge 
absolutely for x > 0 just as is the case with power series. Thus 

p—a+iB -6+*'J3 oo (w—X*) (&-K.B) 

(21.08) H(w) = / f(z)e“‘ dz + /(z)e”‘ dz - £ a t e - -— . 

But now H(w) is defined for all w. If F(w) is defined as in Theorem XXX, then 
by (21.08) 

G(w) — H(w)F(w) 

is an entire function, and 

(21.09) G(\ n ) = - a n F'(X„). 

By (21.08) if w - pe iy , 0 < y < Jtt, then 

* It is possible to replace (21.03) in Theorems XXIX and XXX by less restrictive con¬ 
ditions. What is essential is that these conditions imply (21.07). 

4 The function JET (id) is used by V. Bernstein, Series de Dirichlet , Paris, 1933, p. 111. 
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|/(z) dz I 

£ b+tB 

I f(z) dz | 

04-iJ3 

+ exp j bp cos 7 — Bp sin 7 } 22 ^ & — . 

1 0 sm 7 

By choosing the path of integration as the reflection in the real axis of that used 
in (21.08), the above inequality holds for pe~ xy . Thus 

H(pe ±xy ) — 0(exp { —ap cos 7 } + exp {bp cos 7 — Bp sin 7 }). 

Using this and (21.05), 

G(pe ±xy ) ~ 0(exp {— ap cos 7 + xDp sin 7 -f «p} 

-h exp { 6 p cos 7 — (B — xZ)) p sin 7 -f epj). 

Since B > xD we can take 

b = j(B — rD) tan 7 . 

Then B — xD = 2b ctn 7 and 

G(pe ±xy ) — 0(exp {—ap cos 7 -f xDp sin 7 + ep| + exp j —bp cos 7 -f «p|). 
Since e is arbitrarily small, 

G(pe ±ty ) = 0(ex p {—jap cos 7 -f xJDp sin 7 J -f exp {—jbp cos 7 )). 

If D = 0 then for 7 = Jx, 

G(pe ±<y ) = 0(e- 5< ’“‘ T ), (S = i min (a, 6 )}. 

If D > 0, let 


7 = tan '‘4"x5- 


Then xD sin 7 = |a cos 7 and 

(?(pe ±t7 ) = 0 (exp {—jap cos 7 J + exp {— jbpcosy]), 

and again 

(21.10) G(pe ±iy ) = 0(e~ ipcoay ). 

Thus for 5 > 0 , 

(21.11) e iw G(w) = 0(1), | to | —> oo, am w 

By (21.08) there exists an A such that for | w — \ k | ^ (k > 0), 

I H(w) | < Ae Aiwl , 


± 7 . 
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Using this and (21.05), then for some other A 

(21.12) [ G(w) | S 

for ; w — X* I ^ Jc, {k > 0). But G(w) is analytic in the whole plane. Thus 
the maximum value of G(w) for | it? — X* | ^ Jc is taken on for | w — A* j = Jc. 
Thus (21.12) holds for all w, and for some other A 

«“(?(#) = 0(e AM ), |w|-*oo. 

The above result and (21.11), according to a theorem of Phragm&i-Lindelof 
(Theorem C), give 

e‘“G(w) = 0(1), 

In particular then 

(21.13) G(u) = 0(e~* u ), 

But G(K) = — a n F'(\„ ) by (21.09), and therefore 

a " = °(lTC)l)' 

By (21.07) this becomes 

a. = 0(e~ ix “ +,x “). 

Since t is arbitrary, 

CL n - 0(e’ iW2 ). 

But this would imply that the abscissa of convergence of f(z) is at — §3 or to the 
left of — which is contrary to our assumption that it is at zero. This com¬ 
pletes the proof of the theorem. 

22. A function with zeros having a density. Theorem XXX is obviously 
contained in 

Theorem XXXI. Let { z n } be a sequence of complex numbers such that 
(22.01) lim - = D 

n—*oo Zn 

where D is real } and for some c > 0 let 

(22.02) | z n — z m | ^ c | n — m |. 

If 

(22.03) 

then , for any e > 0, as r —> <x 

(22.04) F(re t0 ) = 0(exp { 7 rDr|sin 0| -f- erj), 


I w | —> oo, | am w | ^ y. 

U —> oo t 
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(22.05) = °^ exp i ~ tDt I sin 9 I + « r D> I reie - *»l £ ic, 

and , as n <*>, 

mm |TWi = 0(6 .>• 

Theorem XXXI is required in the next chapter. (22.02) can be considerably 
weakened but we shall not concern ourselves with this aspect here. Our aim is 
to use the results like Theorem XXXI to obtain a variety of gap and density 
theorems rather than carefully to investigate Theorem XXXI and similar 
results. 

Proof of Theorem XXXI. Let us choose an c > 0. For fixed z and e let 
{z n } be divided into three classes, I, II, and III defined as follows: 

*» «I» I«. | S (1 - «) i * l, 

(22.07) Zntll, (1 - «) | * | < | *» | < (1 + e) | * |, 

Zn t HI, | Zn [ £ (1 + «) | Z |. 

Then 

( 22 . 08 ) ino i - (n n n) 1 1 - t |. 

\ I II III / i Zn I 

Since n/z n —> D, the number of z n in II for sufficiently large | z | is less than 
2e | z | (D + 5) for 5 > 0. Thus 

(22.09) II 1 - t I = II 3 S 3 s ' l ' i(0+s) < e‘ ,| ‘ l ' D+J) 

II z n I II 


From here on we assume that z is in the right half-plane. For sufficiently 
large n 


1 

i ^ i _! 

Z« 

i - <74 

| I -H z/ Zn | | 1 — Z/Z w | | 1 ~ z/z« | 

Z — Z tt 


Let a value of n which makes | z — z n | a minimum be N. Then 

| z — z» | ^ | z - z s |. 

Thus 


| Zn — Zn | s I z — Z* | + l Zn z I ^ 2 I Z — Z n I 

and therefore 


i s , 2 . 

| Z ~ Zn | | Zn — Zn | 


Using this in (22.10) gives 
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( 22 . 11 ) 


1 - z/z\ I I Zs 


By a prime we denote the omission from a product of the term n ~ N. By 

( 22 . 11 ), 

TT' 1 <: TT' . 

II | 1 — z’/zi I II | Zw — z« | 

If M represents the number of z n in II, then since \z n — Zn\ ^ c | n — N J, 


( 22 . 12 ) 


n I 1 - « 4 A n 


S 2“{(1 + «)|z|}“ IJ 7 j—- 


ii c\n — Nj 




Clearly at most two terms | n — N | in the product on the right above can be 
equal. Thus if [§(M — 1)] represents the largest integer less than or equal to 
\{M — 1), then 


a ([*(M - l)]!)*. 


Thus (22.12) becomes 


ffirA/Zi*©' 


([W - 1)10*' 


By Stirling’s formula this becomes 

¥rr- zVzii - («)* |sre "~ e 


M ZU log M 


e M exp {M log \z\-M log M) 


But M ^ 2e | z | (D -f 5). Since x log l/x < x 112 for x > 0, 


M. W M < / M \' 2 ^ (2e| * | (D + «))’ 


_ log LLJ < ( “ 
I z\ S M = Viz 


= (2 f (D + *))>■ 


( 22.i3) it nr i,* -, n (-) 

II 11 — Z /z n I \c/ 
Since z lies in the right half-plane, 


| 1 — z 2 /z% I I z — Zn [ | 1 -h z/Z) 


2 — Zn\ 
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By the minimum property of zs , for large | z |, | z N \ < 2 \ z |. Therefore 

i < jjii 

|1 - z 2 /zi I = \z -z K \- 

Also 

41 z j > 412| > 4|2| 

I 2 Zh \ = | 2 | | Zs | = |*| + 2|c| ^ 


Thus regardless of whether or not z K € II, 
1__ _4|z| 


n 


-n|l -*7«1| 

Using (23.13) it follows for large | z | that 
1 


I 2 - Zw I 9 I 1 


*7*i I 


n 


II 1 1 — 2 2 /z» 




It follows from this result and (22.09) that there exists an A independent of 
| z |, 5, and «• such that for large | z | 

(22.14) iz - ^i^ U,el/ * (2>+,)l/l £ II 11 - t I £ e A, ‘ 1<1/2(i>+i)1/2 . 

n I zj 

If £> — 0 let € = §. Then 

(22.15) 1 2 - z„\e- Ah “' ,t g II |l - tI 5 e'"' l<1/! . 

ii I z„l 


If D > 0 let S = 1. Then if B = A(Z> + l) 1 ' 2 

(22.16) 1 2 - z s \e~‘ uuv ' g nil ~ Cl S e eUUV \ 

II I Z»l 


Until otherwise stated we shall assume D > 0 in what follows, 
ciently large No , since n[z n —» jD, 

(22.17) I w * I g f D 2 

I z n I 


For suffi- 


n ^ No. 


Let z n e I or III, (n ^ No), and | z n | ^ 2 | z |. Clearly 

I n 2 - zD 2 1 ^ | DV n - z 2 D 2 | - | n 2 - |. 

Since z n e I or III, \\z n \ — | z | | ^ c | 2 |. Using this and (22.17) the above 
inequality becomes 

|« 2 -2 2 z> 2 | a D 2 « 12112 n + 21 - |Z)V|2.| 2 

a £) 2 e 1 2 1 | § 2 1 - JDV 1 2 1 2 = iD 2 « 12 | 2 (i - e). 

For sufficiently small e this becomes 



96 


A DENSITY THEOREM OF POLYA 


[VI] 


(22.18) 


n 2 - D z 


S lift. 


Using (22.17) and (22.18), 
(22.19) 1 - « : 


< i + r™ 1 ' _ ^ < i + £ 

= 2 2 .(» 2 -Z>Y) - 1 + £ ’ 


n ^ N„, 


for | 2 B | ^ 2 | z | and z n «I or III. Since 

, , AzlD* - »*) _ 1 - z 2 /4 


( 22 . 20 ) 

(22.19) becomes 


zl(n 2 - z 2 D 2 ) 1 - * 2 W 


! _«< l.l r . ^/g L 

- 1 - *>D*/»‘ 


Sl+(. 


Clearly for large | 2 | there exists a positive constant Ci, such that 


<H n 

Ci 1 


1 - *7*1 

1 - z 2 D 2 Jn 2 


The last two results give, since the number of z n in I is less than 2 | z | D for 
large | z |, 


^(i-*) si * ,c n 1 - 2 ? 

Ci 1 


1 


^Cid + e ) 2i,iD n i- ! -i 

1 n l 


For j z„ | S 2 I z I, by (22.17) 


1 DYM* „ z\zlD*-n 2 ) ,,,1 Wl, 
8 n 2 - |z| 2 Z> 2 = ^ 2 2 ( w 2 _ 2 2 Z) 2 ) = ^ 8 n* - |« 

Since z„ ~ n/Z), for large | 2 | this becomes 

, - tllM < , + ~ ” 2 ) < i . W# 

n 2 - z 2 (» 2 - z 2 /) 2 ) = n 2 ‘ 

Using this result with (22.20) and (22.21), 


<1 + \J?ihL 

8n 2 - |z| 2 Z> 2- 


(1 - e ) 2Mo 
(22.23) 


n (i-^% n - 1 ~ zV4 

|s«i£ 2 |st \ n 2 ) nx 1 — D 2 z 2 /n 2 

sa+«) 2i " D n (i + 4 -^P). 

I«.I 62 |«I V n / 


Since for small x, 1 + a < e 1 and 1 - x > e tx , it follows that 

n (l+^)gexp{e|z| 2 Z> 2 S 
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and 


n (l — — exp 2 e| z| 2 D 2 £ ijfee— 


Thus (22.23) becomes 


e 


-8«Z>1*| 


sn 


1 - z'lzi 


1 - z s Z> ! /n 2 


Combining this result with (22.22), (22.16), and (22.08), 

n |i 


I Z — Zjf I g —12«|«|0 


(22.24) 


C. 


i, in I 


S |F(z)| S Cie BUU ' l ' Jt6,DM II 

I, III 


1 - 


ijf 


From the product formula for sin ttz , 

(22.25) II 

I. Ill 

Let Ni be a value of n such that | Dz — n | is a minimum for n = jVi . Then 
proceeding just as in getting (22.16), 


1-^ 


sin tDz 

n 2 


tcDz 


TT_I_ 

it 11 - z 2 D 2 /n 2 1* 


(22.26) 


| zD - AT, I e -* |,|,,/ * g n 

II 


1 


iJf 


S e 




Using this result in (22.25) gives for large | z | 



! _ 

^ sin vDz 

*"* i. m 

n 2 

“ zD — N, 




The above result in (22.24) gives 
T z - 11 sin rDz | 

w 


(22.27) 

For large | z | if z = re' 9 , 


£ \F(z) \ SC, 


sin vDz | e 3sui«i/a+<u£»i*( 


zD -N, | 


sin x Dz 


S exp {rDr\ sin 0|}. 


\zD- Ni\ 

Thus (22.27) gives 

I F(z) | £ Ci exp {3 Br* m + 6 eDr + *Dr | sin $ |). 
Redefining e this gives 

F(z) = 0(exp {rDr | sin 0 | -f er}) 


which is (22.04). 
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Again from (22.27) 

(22.28) — — ^ ~ exp {-351 z | e l,i - 12eD | z\ } | sin xDz |. 

z — zn Ci 

In exactly the same way as (22.28) is obtained, 

1 F(z) - S i exp \-W\z\t in - \2tD\z\\ |costD 2 | 

I z — Zh Ci 

can be obtained. Thus 

—— ^ ^ exp {-351 z j e 112 - 12 tD | z |} max (| cos r Dz |, | sin xDz |). 

Z — Zn Ci 

Redefining € it follows from this for large | z | that 

(22.29) — — ^ exp {xDr\ sin 51 — erj. 
z — Zn 

Letting z —» z*, z N must eventually become Zk . Thus (22.29) gives 

| F'(z t ) | £ a"*'** 1 , 

which is (22.06). From (22.29) it also follows at once that 

^ = 0(exp {-rDr\ sinfl| + «r}), \z - z t \ g|c, k = 1,2,..., 

which is (22.05). The results proved so far all hold for z in the right half-plane. 
But since F(z) is even they must hold for all z. Thus for D > 0 we have demon¬ 
strated Theorem XXXI. 

If D = 0 we already have (22.15) which states 

(22.30) \z-zs\e~ AW ' 11 g II 1 - 4 = 

II Z» 

where z n e II if J | z | < \z n \ < f | z |. In I, | z n | ^ J | z |. Thus 

(22.3D un i-4 sn 2 14. 

I Z n I >Zn 

For large | z n |, if D = 0, | z n | > n. If K is the number of z n e I, then 



Using Stirling's formula for X!, this becomes 

(22.32) YE 2 ^ =0^2*1^ e 4 ^ = O (exp {5K + 2K\og Qz\/K)\). 

But for large | z | since D — 0, k < e\z\ for any c > 0. But since 
x log 1 /x < x lli , 
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Using this and K < e | z | in (22.32), 


112 

i 

Thus (22.31) becomes 

(22.33) lsD 1- 

i 

Inin, |*„| ^||«|. Thus 

(22.34) n (l - 4 ) ^ n 

m \ r j ni 

But 


■0{e l 


s«UI+UI«i/* 


! ). 


_ o( e 5e W +,alel/1 


'). 


zi 


s S (‘ + ?)■ 


n(l + 4)^exp{r s E4)- 

m \ rj (ni r;J 

Let R(u) be the number of r n < u. Then the above inequality becomes 

nfi-SW.*/"<§*} 

HI \ T j l J 3r/2 U J 

£ exp |r 2 J 


2i2(w) du\ S exp |r max g e <r 

J ( tt^3r/2 U J 


( hr! 2 U 3 

for large r since R(u)/u —► 0 as u —> «. In much the same way 

n (i - 4) fc <~ 2 " 

m \ r n J 

Thus (22.34) becomes 


-2«|*| 




m 


1 - 


^ e 


,«ui 


Combining this with (22.30) and (22.33) gives 


I « - to | e - AW,1,, - 2tM £ I F(z) j 


= 0(exp [A\z\ i m + 5t\z\ + |*| + «|*|}). 

Redefining e in terms of « and S above, this gives 

| * - to | e- 1 ’ 1 ^ | F(z) | g e* 1 * 1 . 

The conclusions of the theorem now follow easily for D = 0. 



CHAPTER VII 


DETERMINATION OF THE RATE OF GROWTH OF ANALYTIC 
FUNCTIONS FROM THEIR GROWTH ON 
SEQUENCES OF POINTS 1 

23. Theorems of V. Bernstein. In this chapter we shall prove a set of 
theorems which, roughly stated, show that the rate of growth of an analytic 
function along a line can be determined by its rate of growth along a sufficiently 
dense sequence of points on the line. We shall deal exclusively with functions 
which are analytic and of order one in a sector. (Functions of other rates of 
growth can be transformed by mapping so as to fall under the scope of our 
theorems.) 

The first theorem we shall prove here is the following. 

Theorem XXXII. 2 Let<f>{z) be analytic in some sector | am z | ^ Suppose 

(23.01) limsup - g| * (re l 1 g o cos 6 + b \ sin 9 1, I fl | g a. 

Let \z„\ be a sequence of complex numbers such that 


(23.02) 


lim - = D, 

n-*ao Z n 


where D is real, and such that for some d > 0 
(23.03) 

If 

(23.04) 
then 

(23.05) 


I - Zm I S | n - m I d. 


rD > b, 


lim sup Ig g I = Jjjn sup lo « 1 ^ 

I Z n | r~+oo T 


A special case of Theorem XXXII is the following result. 

eorem XXXIII. Let <h{z) be analytic and of finite exponential type 3 in the 

mathiai Society"™” 43 S Transactions of the American Mathe- 

nZtTZZl’JlT -^T J- Be ™ Stein - d ° Paris, 1933, chap. 9. 

entirely dispensed with h S ^a V0< ! rat , ler deep theorem s in Dirichlet series which are 
instead of the corrmlpx ^ ^ ™ p aced by met hods of ordinary function theory. Also 
rell sequence P 8eqUenCe USed here > Bernstein’s proofs are restricted to a 

3 That is, *(*) - 0(e^) for some C in the region under consideration. 

100 



[23] 


THEOREMS OF V. BERNSTEIN 


101 


half-plane | am z | ^ Let 

(23.06) lim sup log I = r L. 

ivi—oo y 

If {z n \ satisfies (23.02) and (23.03), then 
(23.07) D > L 

implies (23.05). 

It is easy to see by considering sin ir z at the points z n — n that (23.07) is 
critical, for in this case D — L — 1 and it is clear that (23.05) is not true. Never¬ 
theless we shall show in §24 that (23.07) can be replaced by a much weaker 
condition. 

We now turn to the proof of these theorems. 

Proof of Theorem XXXII. We observe that there is no loss of generality in 
taking a < Clearly, if (23.05) does not hold there exists a c such that 

(23.08) lim sup — < c < a = lim sup ^. 

»—*«o J Z n | x-*oo X 

Let 

Then it follows from (23.08) and (22.06) of Theorem XXXI that the series 

(2309 > 


converges and represents an entire function. Clearly 

g(z n ) = <t>(z n ). 

Therefore 

- 4>( g ) - g(z) 


(23.10) 


1 p(z) 


F(z) 


is analytic for | am z | ^ a. Using (22.05), (23.01), and (23.09), it follows from 


(23.11) 

j.t„\ _ *00 _ v 

VW m 1 F'(zJ(z - z n ) 

that 


(23.12) 

+{z) = 0(e <|e|+l<,|+|t|) “ l ) 


for | z — z n | ^ id. But V'(z) is analytic for | am z | ^ a. Since (23.12) is 
true on the circles | z — z n | ^ \d, it must be true inside, since an analytic 
function takes its maximum value in a domain on the boundary. Thus (23.12) 
holds in the whole sector. 
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From (23.11), (23.01) and (22.05) it follows that 

}f/(re ±ta ) = 0 (exp {r(a cos a -f b sin a — tD sin a -f e) ) -f exp {cr cos a}) 

for any € > 0. Or setting (ir D - b) tan a = y, 

(23.13) Ure ±ia ) = 0(6 r coa a(a “ Y+t 8ec a) + e cr 008 a ). 

Since vD > b, y > 0. If we take e < §7 cos a, then (23.13) becomes 

Tp(re ±ia ) = 0(e pr C08 a ), p - max (a - J 7 , c). 

In other words 4/(z)e~ pz is bounded for am z = ±a. By the Phragm&i-Lindelof 
theorem, Theorem C, this and (23.12) imply that t(z)e~ pz is bounded in the 
whole sector ( — a, a). Thus, in particular, 


(23.14) i(x) = 0(0, 

But from (23.10) 

4>{x) = $(x)F(x) + 000- 
Using (23.14), (22.04), and (23.09), this gives 


p = max (a - § 7 , c). 


lim sup I 1 <; m ax (a — § 7 , c). 


This contradicts our initial assumption (23.08) and proves the theorem. 

Proof of Theorem XXXIII. Let us set 

.. log|<£(x) | 

lim sup - * = a. 

x—*00 x 

Then by (23.06) and the Phragm&i-Lindelof theorem, Theorem C', 

lim sup ^ Qg 1 ^ a cos ^ 4 - I sin 6 1 , 101 ^ §*, 

r—*00 r 

in the right half-plane. Theorem XXXIII now follows from Theorem XXXII. 

Theorem XXXIV. Let Q(z) be an analytic function in the right half-plane, 
I am z | ^ f 7 r, such that 

(23.15) $(re tS ) = 0(exp {(a log r cos 6 + | sin 6 | + c)r}), | 0 | rg 

where a ^ 0 , b ^ — \a, and e w an arbitrary positive quantity. If [z n ] satisfies 
(23.02) and (23.03) and if 


(23.16) 


D >■ 5 4“ 


(23.17) 

implies 


lim sup - ?-J I ^ 71 -p 

n-»oo j Z n I 
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(23.18) $(re' B ) — 0(exp {x(p cos 8 + b | sin 8 [ -f «)r}), | 0 | ^ Jir. 


To show that (23.16) is critical we consider 4>(z) = F(1 -f z) sin §?rz for 
z n = 2n. Then D = %, and by Stirling’s formula for T(1 + z) for complex z, 
Theorem F, 

$(re'*) — 0(exp {r log r cos 8 + erj), 1^1 = I 71 '* 


Thus b = 0, a = 1 and therefore here D = 6 + |a. But here p = — and 
therefore the theorem does not hold. 

Proof 0 / Theorem XXXIV. We shall assume that a > 0, for if a — 0 we 
have Theorem XXXIII. Let 


(23.19) 


4>{z) = 


Hz) 


r(l + azY 

From Stirling’s formula it follows easily that for | 6 | ^ and large r 

log | T(1 + are' 6 ) | = ar log r cos 6 — ard sin 8 — ar cos 0 + J log r + 0(1). 


Thus from (23.15) 

(23.20) H™*) == 0(exp {(icb | sin 8 | + ad sin 6 + a cos 8 + «)r}), \8 \ ^ fir, 


and from (23.17) 

(23.21) 4>{z n ) = 0(exp {(-a log | z n | cos 8 n + irp + a + «) | z n |}). 
From (23.20) 

(23.22) lim sup fo— ^ re ^ ^ ^ nib + |a)r | sin 6 1 + ar cos 6, 

r —*00 r 

and from (23.21) 

(23.23) lim sup = - «. 

n—*00 I Z n I 


Using D > b + \a and the above two results in Theorem XXXIII gives 

(23.24) lim sup = _ 

*-•♦00 X 

We define 

W25 > '»-?P55& 

where A is any real number. That g(z) exists follows from (23.23). We also 
consider 


^(z) = 


<f>(z) - g(z) 
F(z) 


Since g(z n ) = 0(z n ), is{z) is analytic for | am z | £ From (22.05), (23.22), 
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and (23.25) it follows as in the proof of Theorem XXXII that 
(23.26) m « O(e 10(a+, * ,+z>)r ). 

Along the imaginary axis (assuming Viz* > 1 as we may with no restriction) 


| Hw) I ^ max 


4>{iy) 

00 

4- V 


! F{iy) 

1 

F'M 


From (22.05), (23.22), and D > b + \a it follows that there exists an M x > 0 
independent of A such that 


4>dy) 

F(iy) 


S Ml 


Thus 

(23.27) 


I i(iy) I ^ Mi + 


CC 

s 

i 


*{Zn)e AH 

?(.*•) 1 


Since by (23.25) 


g{z) = 0(exp j — (A — c)r cos 6 -f (irD -f e)r sin 0}), r oo, | 0 | Jx, 
and by (23.24) 

<K 2 ) = 0(e~ Ar COB d ), r-oo, \6\<iw, 

it follows easily from the definition of \p{z) that 

(23.28) *(*) = 0(e~ u - )x ), *->». 


Thus using (23.26), (23.27), and (23.28) 

*(«) = 0(e~ u ~‘ )r m e ) 

by Theorem C' of Phragm6n-Lindelof. Thus ^(z)e u ~' u is bounded in the right 
half-plane. It follows from (23.27), applying the Theorem C of Phragm&i- 
Lindelof, that 


I e u_,> V(*) I =£ Mi + £ 
1 


tt>{z n )e A! * 
F'(z n ) ’ 


| am z | ^ \v. 


Since the right side is independent of e, e can be taken as zero and thus 


(23.29) 


Iftol S + E 


\\ 

F'(Zn) l/‘ 


Using M 2 and M 3 to represent constants independent of A, it follows from 
(23.25) that 


If to I S M 2 e~ u ~‘ )x 


oo 


E 


l 


F'(Zn) 


Since 


<f>(x) = g(x) + $(x)F{ x) 
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it follows from the above two inequalities and F(x) = 0(e tx ) that 


,, (i + ? I wl)' 


Or setting A = a log x, this becomes 
(23.30) \4>{x)\ i M 3 e-° x '°‘* + " 

From (23.21) and (22.06), 




(23.31) 


F'M 


But for x > 0, 


0 (£ exp {-a | «„ | log I z»/x | cos 0„ + (irp + a + t) \ 


max ( e - x " ,< >*“ / *) = e w . 


If B > 1 is so large that log B > 2(xp + a + e)/a, then (23.21) becomes 

Z v = 0 ( ex P K*? + 0 + *) Bx + <*»/«} Z i 

+ Z exp {—a |z„ [ log B cos e„ + (irp + a + «) | z» |} ) 
!**!>£* / 

= 0(x exp {(xp + a + «)5x + az/e} 

+ £ exp {— 1|(2 cos0 n - l)(xp + a + e)() 


0(exp {(?rp + 2 a A- *)Bx \). 


Using this in (23.30), 

<p(x) = 0(exp j —ax log x + Cx}) 
where C = (xp + 2a + «)I? + «. Using this in (23.19), 

$(x) = 0(T(1 -f as) exp {— ax log x -f Cx}). 

Using Stirling’s formula this becomes 

$(*) = 0(e c *). 

Using (23.15) 

*(iy) = 0(e <r6+f)|yl ). 

Using these last two results and (23.15) in Theorem C' of Phragm^n-Lindelof, 
it follows that 
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(23.32) lim sup log 1 ^ | sin 0 | 4- C cos 0. 

r—*ao 7* 

Theorem XXXIV now follows from Theorem XXXIII. 

Theorem XXXV. If in Theorem XXXIV, (23.17) is replaced by 

(23.33) *<*) = 0(e*" '*') 

where k > 0, then (23.18) is replaced by 

(23.34) $(re*) = 0(exp {(-A: log r cos 0 + | sin 0 | + €)r)), (| 0 | ^ §tt). 

Proof of Theorem XXXV. This proof is very much like the preceding one. 
Here again we set 


4>(z) = 


*Qg) 

r(i + a?) 


and proceed with the single change of 

4>M = 0(exp { -{a 4 * k) \ z n | log [ z n | cos d n + (a + e) j z n |)) 


in place of (23.21) until we reach (23.30) which, because we now define A as 
(a + k) log x, becomes 


| <j>(x) | ^ M z exp {— (a + k)x log x 4* *c} ^1 + 2 


<t>(z n ) exp {(a + k)z n log x] 


F’(*n) 


x > 0. 

Continuing from here as in the preceding proof leads to 
4>(x) = 0(exp {—kx log x 4- Cx}) 


instead of to the $(a;) = 0{e Cx ) of Theorem XXXIV. This leads instead of to 
(23.32) to the fact that 4>(z) T(1 4- kz) is of exponential type. Theorem XXXIII 
can now be applied to 4>(z)r(l 4~ kz) to give Theorem XXXV. 


Theorem XXXVI. If $(z) satisfies the requirements of Theorem XXXIV with 
(23.17) replaced by 

(23.35) 4>(z n ) = 0(e~ ktn log lfJ ), 
and if 

(23.36) k > 2b, 
then 

(23.37) 4>(z) = 0. 

Proof of Theorem XXXVI. 4>(z) clearly satisfies the requirements of Theorem 
XXXV. By applying Carleman’s theorem, Theorem B, to $(z) we have, 
assuming <$>(z) is not identically zero, 
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!24] 


~ A -il Iog+1 *(»»>*(-*)! Q, - Ljdy + A £"log"I*(&■■") I cos gde 

where A is some constant. Using (23.34) and replacing A by another con- 
stant A i , we get 

-A, 5 (6 + 41 (1 - ~)ydy - £"«* 2 ede 

or 

— Ai ^ (6 + e) log R — \k log R. 

Letting R —► qo, it follows that 

2(6 + «) £ fc. 

Since € is arbitrary, it follows that 

26 ^ Jfc. 

But this contradicts (23.26). Thus <f>(z) = 0. 

24. A sharper set of theorems. In this section wc shall prove sharper theo¬ 
rems than those of §23. An example of the results of this section is given by 
the following theorem. 

Theorem XXXVII. Let <f>(z) be analytic and of exponential type in the sector 
| am z | ^ |t. Let 

(24 * 01 ) = 0 { l), |y|->co. 

Let { z n \ be a sequence of complex numbers such that 
(24.02) lim - = D > 0 

n—*co Z n 

and such that for some d > 0 

( 24 * 03 ) \zn — Zm\ ^ I n — m I d. 

A necessary and sufficient condition that 

(24.04) lim S up jggl*CQl = lim sup log I »(*) I 

»-+a© I Z n I s—*oo X * 

is that 


(24.05) 


°0 

a * i - i ~ 


4 The condition (24.01) can easily be replaced by 
’ l°g* 1 4>(iy) 


L. 


1 + y* 


dy < 


as will be pointed out in the proof of this theorem. 
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If D > 0 in (24.02), this theorem is an immediate consequence of Theorem 
XXXIII. However if D = 0 Theorem XXXIII no longer gives any results. 
Thus if z n = n log (n 1), (24.05) is satisfied and Theorem XXXVII applies 
whereas the theorems of §23 give no results. 

Another theorem proved here is 

Theorem XXXVIII. Let < f >( z ) be analytic and of exponential type in the 
half-plane | am z | ^ \r. Lei 

(24.06) <S>{iy) = 0{e' LM ). 

Let {X n } be an increasing positive sequence such that 

(24.07) lim ^ = D, X^+i - X„ S d > 0. 

n—*oo A n 

Let A (u) be the number of X n < u. If 

(24.08) f A(y) ~ ^ dy = ® 

h y* 

and if 

(24.09) A (y) + t(y) > Ly 

for some positive function t{y) satisfying 

(24.10) r i Mdy<oo, 

y 2 

then 

(24.11) lim sup 108 I» [X AJ = Jim sup lo g 1 I. 

n -»oo X n »—* oo X 

Thus if 

lim = D 

v-+<*> y 

it is possible that D = L and yet that (24.08) and therefore Theorem XXXVIII 
holds. In §23 it was necessary that D > L. 

The method of this section can best be presented by giving an alternative 
proof of Theorem XXXIII of the preceding section. 

Alternative proof of Theorem XXXIII. Clearly to prove this theorem it 
suffices to show that 

(24.12) lim sup 1 ^ o 

implies 


log I <t>(x) \ 
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We again introduce 
(24.13) 


»«-? PRESS'™ 


which by (24.12) exists for any « > 0. As in §23, g(z n ) = <f>(z n ) and 

is analytic and of exponential type for | am z | ^ Jx. From (24.14) 
(24.15) Wv) I - | | + ?| ■ 

Since D > L, it follows from (22.05) and (23.06) that 


(24.16) 


4>(w) _ n /-amT(D-L) \v\\ 

F(iy) ° {e }i 


From the last two results 


(24.17) *(iy) - 0(1/| 2 /|). 

But ip(z) is of exponential type in the right half-plane. This and (24.17) by a 
theorem of Phragm4n-Lindelof, Theorem C', give 


for some B. From this 


e") = 00 e BrCM *), 


^-oc 1/1*1*), 

1 + z 


6 I S }T, 


Using (24.18), it follows by the Cauchy integral theorem that for x > 0 

= 1_ r‘°° t(s)e~ a ' ds 
1 + z hti JLj« 1 + s z — s 

"Sil^T+T *1 6 du 

_ i r ~uz i. r 


-U Wr«- 


then for x > 0 




(24.20) 
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Using (24.18) and closing the path of integration to the right in (24.19), it is 
clear that 


(24.21) H(u) = 0, 

On the other hand, if we use (24.14) in (24.19) it becomes 


u < 0. 




i r <a0 

H(u) = 27iL„mo + 

Or if u < B — e 

™-u: 


•ds-'E, 


F'(z,) 2iri (1 + s)(.s _ z„) 


x r 

2m {< 


ds. 




F(it)( 1 + it) 


*dt 


(u—£)»* 


V' 4>(zn)e { 

TfW(l + 2n)‘ 


That is, if 


(24.22) 

rr , N If" me~ Bi ‘ 

Hl{u) ~ 2r F(it)(l + it) * 

and 


(24.23) 

Hi{u) ?F'(2.)(1+z.)’ 

then 


(24.24) 

H(u) = ffi(u) - H t {u), 


The series for H 2 (u) converges for u < B and represents an analytic func¬ 
tion. This follows from (24.12) and (22.06). Thus H 2 (u) is analytic for u < B. 
If 8 = |x(D - L), then from (24.16) 

(24.25) M - 

If w = u + iv then it follows from (24.22) and (24.25) that Hi(w) is defined 
for |i/| <8. The derivative Hi(w) also exists in this strip. Thus H\{u) is 
analytic for (—co < u < <»). 

Since H{u) = Hi(u) — H 2 (u), it now follows that H(u) is analytic for 
u < B — c. But by (24.21) 

H(u) — 0, u < 0. 

Since H(u) is analytic, u < B — e, it follows that 

(24.26) H(u) = 0, u <B ~ e. 

Thus (24.20) becomes 

*^2 - = f H (u)e~“’ ! du. 

1 + x J B -. 

By (24.18) and (24.19) H(u ) is bounded. Thus 
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[24 ] 


${x)e 


1 + x 


0(e 




m = o(6 2 -), 

Since <p(x) = g(x) + F(x)$(x), it follows that 

lim sup g 2e. 

x~*oo X 


Since e can be taken arbitrarily small, we have completed the alternative proof 
of Theorem XXXIII. 

The essential difference of this proof from those of §23 is that here we get 
$(z) in terms of H(u). In this section we are attempting to refine the theorems 
of §23 so that D > L is no longer necessary. We shall now see how dropping 
D > L affects the argument of the alternative proof just given. A perusal will 
show that the full force of D > L is used only in the paragraph containing 
(24.25) where we prove that Ih(u) is analytic, (— °o < u < *>). Clearly if 
D = L, (24.25) will no longer hold and Hi(u) need no longer be analytic. That 
Hi(u) is analytic for u < B regardless of how D compares with L follows from 
(24.23). Thus the question becomes this. Is there any weaker condition than 
analyticity that can be imposed on Hi(u) that together with 

Hi(u) = H 2 (u), u < 0, 

and H 2 (u) analytic for u < B, implies 

Hi(v) - u < B7 

That there are such conditions was proved in Chapter V. In particular Theo¬ 
rem XXIV will be of interest here. This theorem states that if G(t) e L( — «, <*) 
and if for t —> « 

(24.27) G(t) = 0(e _#<11 ), 
where 8(t) is monotone increasing and 

(24.28) I"lT dt== ” 1 


then if the Fourier transform of G[t) coincides with an analytic function over some 
interval it coincides with the analytic function over its entire interval of analyticity. 

In order to apply this theorem to Hi{u ), it follows from (24.22) that it must 
be shown that 4>(it)/F(it) satisfies (24.27). This is the object of the following 
lemma. 


Lemma 24.1. If 


«■>-*('-g) 
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and if jA n ) satisfies the requirements of Theorem XXXVIII, then there exists an 
even function 6(u ), increasing for u > 0, such that 


(24.29) 


P4^ = 

J i V 2 
•easing for y 

J“ t i^dy < co, 


a?wi an even function ti(y), increasing for y > 0, sucA ZAaZ 

°<i(y), 

y 2 

and 

aril 1/1 

(24.31) | 

Proo/ o/ Lemma 24.1. Clearly 

log I F(i' 2 /) | = E log + jj) = J( log ^1 + ^ dA(ii) 

= 2 J ^ -df— du. 

Jo u u 2 + y 

2 1 S+?*’' 1 ’ 1 ’ 

>« I I - '<■ I»I - 2 jf ST? *■ 


Since 


it follows that 


Or 


(24.32) 


log I F(iy) I - ,L ! y | S 2 /“ Afa) - Lu + «u) 

J1 IT -+ 


+ y 2 


du 


5 r Hu) y 2 

A w u 2 + y 2 


<i« — 2L. 


Let 

(24.33) 1,(2/) = 2 /“ -^- s du. 

•'I M W 2 + I/ 2 

Recalling A(y) -f %) > Ly, (24.32) becomes 

log I Hiy) I - I y j £ 2 f ± t(u) 

Ji u u 2 -f y 

> f v A (u) — Lu + 

= Ji u 


du — h(y) — 2L 


du — k(y) — 2L. 
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If we set 


(24.34) 


e(y) = / 

J 1 


A(u) — Lu + t(u) 


K-y) = 0(2/) > then 

log ] F{iy) | - tL i y | ^ 0(y) - h{y) - 2L, 

which gives (24.31). 

From (24.34), 6(y) is increasing and 

r - r dy r - lu + #&) 


o-cu 

> r* r 

- A y- A 


' A(w) — Lu 


= f Afa) - Lu du rdy 
J\ U Ju V 2 


0 A (it) — Lu 


du = co. 


This proves (24.29). 
From (24.33) 




~ " / — 7 ^ uu, ^ v. 

•/l It ( U 2 + i / 2 ) 2 

Thus £i(y) is increasing for y > 0. Also 

Jo y 2 Jo y 2 Ji it it 2 +1/ 2 

= 2 r^*, r Ah = *f t{ 4du < co, 

Ji it Jo it 2 + y 2 Jx it 2 

which completes the proof of the lemma. 

Proof of Theorem XXXVIII. If t\(u) satisfies the requirements of Lemma 
24.1, then by Theorem XXVI for any 6 > 0 there exists a function K{w) such 


( -U(2«)\ 

r+W- 

and the Fourier transform of K(u), k(x) vanishes outside of ( — 5, S), Thus 
(24.36) k(x) = -At. f K(u)e~ iux du. 


- (S5» /><-)«■'• 


(24.37) 


Wz)= (2 k*£ kmty ‘ du 
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Then by (24.36) 


Kitty) = i- fme^dt f K(u)e~‘“‘ du 

Z'K J-S </-» 

= J- f° K(u) du f‘ Tc(t)e Uv ~“ u dt 
2 x jLco J-s 

= (2 ^L„ Kiumu ~ y)du - 


Or for y > 0, 

i _ r vl2 

\Uiy)\^~^ yn \K(u-y)\l n 


K(u ) | du 


+ max | K(u) | / | K(u - y)\du 

y! 2<«<«o Jy/2 


- To ~Wi max I I f I I *»• 
(2x)4-. 


Using (24.35) this gives 


(24.38) 

/ -n ( y)\ 

W = o(i_), 

! y 1 °°- 

On the other hand by (24.37) 




z > 0 5 

or 



(24.39) 

m - 0( ‘“ ) ' 

a;—> oo. 

Also from (24.37) 

(24.40) 

tfi(z) = 0(e a|1 '). 


As in the alternative 

proof of Theorem XXXIII it suffices to show that 

(24.41) 

lim^UWI < 0 

n-+oo A n 


implies 



(24.42) 

limsup l0g| * (l) l <0. 

x—*oo X 


We define 



(24.43) 

g( 1 F'(X n )(z - X„) F(z) 
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with e > 5, and 
(24.44) 


JJA = ~ 9(z) 

’ F{z) 


Then as before g{z) is an entire function and $(z) is analytic and of exponential 
type for | am z | ^ Jt. From (24.44) 

(24.45) 


I iiiy) I £ 


F(iy) I r I F'(z„)(iy - z n ) 


By (24.40) Ki{z)$(z) is also of exponential type for | am z | ^ Jt. By (24.38) 
and (24.45) 




But = 0(e rLM ). Thus using (24.31), 


(24.46) 


i(.iy)Hiy) = 0 + lyp) = 0 (Bj . 


It now follows from Theorem C' of Phragm 6 n-Lindelof that for some B 


Ki(z)$(z) - 0 


(£)■ 


am 2 I ^ 7 7 i 


(24.47) 


Ki(z)${z)e 


-°([ 7 P)• 


| am 2 | ^ Jir. 


Using (24.47) it follows by Cauchy's integral theorem that for x > 0, 
Ki(z)i(z)e-“ = A f B ‘ <fe 

2x2 JLioo 2 — S 

= K 1 (sMs)e- B ‘ ds j^ edu 

1 -« -too 

= ~ l ds J ^ K 1 <. S )^s)e- B ‘ + '“ ds. 

Here we are following almost identically the alternative proof of Theorem 
XXXIII. We define 


(24.48) 


H(u) = ±-. [_"K 1 (s)t( S )e- B ‘ + '“ds. 


K l (z)./-(z)e" i! = r HMe^’du. 
Jq 


Then 
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Using (24.39) this gives 

(24.49) $(x) = o(e iB+i)x £ | H(u) j e~ ux du^, x oo. 

Using (24.47) in (24.48) we can close the path of integration to the right 
and obtain 


H(u) = 0, 


u < 0 , 


On the other hand, using the definition of $(z) in (24.48) gives 


H(u) = 


1 U1J ^ <f>(X„)e- ,x * 1 f‘“ Ki(,s)e lu ~ B+,) 

2x iL. » F{s) 6 4" F'(K) 2«!,. s — X 


By (24.40) this becomes 


tf(u) = 


1 KStWt)<r is ‘ ^ _ v ifi(Xn)4»(X„)e (u ' i)x - 
2 t i-„ F(if) 4" F'(X.) 


for u < B — e — 6. Or 


(24.50) 
where 

(24.51) 
and 

(24.52) 


H(u) - Hj(u) - ff 2 (u), 


U < B - 2*’ 


1 r 

2ir 1. F(if) 


df, 


i?,(«) = 


V X 1 (X n )0(X n )e ( ^ x » 
i F'(\ n ) 


u < JB 2c. 


The series for H%(u) converges for u < B — S and therefore certainly for 
u < B — 2c and represents an analytic function. Thus JETj(w) is analytic for 
u < B — 2e. 

Since — 0(e TLlt| ), using (24.31) and (24.38) gives 


( e~ ,(,) 

F(it) V**. 


|<| -» oo. 


Thus if 


<5(0 = (2ir)'' 2 


F(it ) 


then (5(f) satisfies (24.27) and (24.28); and by (24.51), ff 2 (u) is the Fourier 
transform of <5(0- Since we have shown H(u) = 0, u < 0, it follows that 


Hi(u) = Hi(u), u < 0. 

But Hi(u) is analytic, u < B — 2«, and i?i(u) is the transform of (5(f)- Thus 
from the remarks following (24.28) 
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Ht (u) = H*(u), 

or H(u) = 0, (u < B — 2«). Using this in (24.49) gives 


u < B — 2c, 


= O (e <s+,) * [_ u I H(u) | e-^duj, 


By (24.46) and (24.48), H{u) is bounded. Thus 

= 0(e i,+M *) = 

since e > S. But 4>(x) = g(x) + F{x)<t>(x) and therefore 4>(x) = 0(e i,z ). S can 
be chosen arbitrarily small and therefore so can «. Therefore (24.42) follows 
and the theorem is proved. 

In much the same way the following theorem is proved. 

Theorem XXXVIII-A. Theorem XXXVIII remains true if (24.06) and 
(24.08) are both replaced by 

4>(iy) = |*|-«, 

for an even function 6(y) increasing for y > 0 and satisfying 

_ 


l -**”-*■ 


We now turn to the proof of Theorem XXXVII. 
Lemma 24.2. Let 


-n(i-S) 


where [z n \ satisfies the requirements of Theorem XXXVII. Then 


(24.54) 


* = 0(e~ t{v) ') 

F(iy) >’ 


where 6{y) is even and increasing for y > 0, and 

(24.55) jf B Mdy =ao. 

Proof of Lemma 24.2. If z n — r n e xt * there is no loss of generality in assuming 
that 6 n ^ iir. We have, if f (u) is the number, of | z n | < u, 

log I F(iy) I = jjj log (l + % cos 20. + 

* V r\ r\) 

S \ L log (l + 0 = \ l log (l + jj)tf <«) 

«*>**’* 
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Thu.s if we take 8(y) = }f(| y |), then (24.54) is satisfied. Also 




1 d£iy) 
y 


UU) 

4 A ‘ 


Since n/z n D, letting A -» » we have 




' d[(y) 
y 




l«-l 


i D = oo. 


This proves (24.55) and completes the proof of the lemma. 

Proof of Theorem XXXVII. The proof follows word for word the alternative 
proof of Theorem XXXIII except for the facts that (24.16) and (24.25) are 
both replaced by 


(24.56) 


4>tiy) __ nr 0 - e w 

Fiiy) 


), 


13/1 —> oo. 


and that Hi(u) is no longer analytic, which nullifies the argument from (24.25) 
to (24.26). Equation (24.56) follows from ~ 0(1) and (24.54). 

To replace the argument from (24.25) to (24.26), we recall that 


H 


(U) 




F(it)( 1 -f- it) 


l dt. 


If we set 


0(0 = 


1 4>(it)e~ BU 
(2^ F(it)(l + it)’ 


then Hi(u) is the Fourier transform of G(t) and by (24.56), G(t) satisfies (24.27). 
Thus by the argument following (24.27), since by (24.21) H(u) = 0, (u < 0), 
or in other words Hi(u ) = # 2 (w), (u < 0), and since H 2 (u) is analytic for 
u < B — «, it follows that 


Hi(u) — H 2 (u) } u < B — €, 

or in other words that H(u) = 0, (u < B — c). This is (24.26), and the argu¬ 
ment now again follows exactly the alternative proof of Theorem XXXIII, 6 


5 In case <p{iy) is not bounded but satisfies 


£ 


l°g + I 4>(iy) 

, 1 + t/ 2 


dy < *>, 


a function K x (z), analytic and bounded in the right half-plane, is introduced which satisfies 
log | Ki(iy ) | = —log + j <t>(iy) j. K x (z) is used in much the same way as a similar function 
also designated by K x {z ) is used in the proof of Theorem XXXIII. K x {z) — e~ w{x ' v) ~ iv{x ' v) 
where 



x log* 1 1 - 

* + (y - n) s 


and v(x, y) is the conjugate function to y). 
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We now turn to the other part of the proof and show' that 

(24.57) E " 

1 \ Z n\ 

is a necessary condition. Let us assume 

(24.58) 

Then 


1 I z» I 


*(*) = n 


(z - z n )(z - z n ) 


T-,) 


1 (z + Z«)(z H- 2 n ) 

exists and is analytic in the right half-plane, since, for x > 0, (24.58) gives 


E 

i 


Since for x > 0 


it follows that 


2z 

z n z 


I z + Zn 


< 00 , 


^ 1, 


E 

1 Zn + Z 


< 00 . 


I z + Zn 


■SI, 


(24.59) | *(*) | S 1, | « | S lx. 

Thus <t>(z) satisfies the requirements of Theorem XXXVII. But <j>(z n ) = 0, 
and thus, 

(24.60) lim - ° S -J 1 --<*>. 

»-*« | Z n I 

If (24.58) were sufficient for Theorem XXXVII, (24.60) would imply 

lim kg 1 _» ( ? ;> 1- 
*—*qo X 


But this and (24.59), by Theorem C of Phragm6n-Lindelof, imply that 4>{z) = 0, 
which is impossible. Thus (24.58) is insufficient for Theorem XXXVII, or in 
other words (24.57) is necessary. This completes the proof of Theorem 
XXXVII. 

Theorem XXXIV can be refined by the use of Theorem XXXVIII to give 
the following: 

Theorem XXXIX. Let $( 2 ) be an analytic function in the right half-plane 
| am z | \tt such that for any e > 0 

(24.61) 4>(re ,tf ) = 0 (exp{ (a log r cos 6 + ( sin 0 | + e cos 0)r}), | 6 | S §?r, 

where a ^ 0, b ^ —\a. Let jX n } be a positive sequence satisfying 
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lim ~ = D, A^i - X n ^ d > 0. 

n—*oo An 


Let A (u) be the number of A„ < u. If 

9 A (u) — (b + i a)u 


L ' 


and if /or some positive t(u) such that 

5 *(*0 , 


du — oc 


the inequality 

holds, then 
(24.62) 


f du < *> 

J i w 2 

A(w) + £(w) ^ (£> + fa)n 


lim sup 1^—41 < 


TP 


implies 

(24.63) <i>(re^) = 0(exp {xr(p cos 0 + b | sin 0 | + e)}), | 0 | ^ %t, 

/or any t > 0. 

Proof of Theorem XXXIX. As in the proof of Theorem XXXIV, we consider 

r(l + az) 

Proceeding as in Theorem XXXIV, it follows from Theorem XXXVIII that 
lim log ]j(x)J = 

X—*«0 X 

Then g(z ) is defined as in (23.25) and 

. ( ) = ¥.z) - gO) 

m ' 

However, instead of working with ^(z) we work with ^(z)iCi(z) where Xi(z) is 
defined as in the proof of Theorem XXXVIII. Thus (23.27) is replaced by 

\i(iy)my )I £ Mx + S! ^ X r 

l I r (An) 

Proceeding as in Theorem XXXIV with $(z)Ki(z) instead of ^(z), there are no 
further difficulties. 

Related to Theorem XXXIX in exactly the same way as Theorem XXXV 
is related to Theorem XXXIV is the following theorem. 

Theorem XL. If, in Theorem XXXIX, (24.62) is replaced by 
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*(X.) = O(e- lx " lotx ”), n^oo, 

with k > 0, then (24.63) is replaced by 

<$>(re' 6 ) = 0(exp {( —& log r cos 0 + <• cos 0 + rb | sin 0 |)r}), | 0 | ^ §t. 

The proof of this theorem follows closely that of Theorem XXXIX in just 
the same way as the proof of Theorem XXXV follows closely that of Theorem 
XXXIV. A sharper result than Theorem XXXVI is the following theorem. 

Theorem XLI. If, in Theorem XXXIX, (24.62) is replaced by 
(24.64) 


lim log 1 $( x n) 1 + 2 b\ n log X n = _ ^ 

n-*oo X n J 


then <3?(z) = 0. 

Proof of Theorem XLI. Applying (24.64) to e Bt $(z), (B > 0), it follows that 
e BXn $(\ n ) = 0(e -26X * lo * Xn ). 

Applying Theorem XL to e B *$(z), it follows that 

(24.65) | $(z) ] ^ jBi exp {( — 2b log r cos 0 — B cos 0 + wb | sin 0 |)r}, | 0 | ^ Jtt, 

where B x is a constant depending on B. Applying Carleman’s theorem, Theo¬ 
rem B, to $( 2 ), we have, if $( 2 ) ^ 0, 

~Ai ^ ^ log ( $(iy)$(—iy) | dy + ^ j ^ log | $(Re' e ) | cos dd$, 

where Ai depends only on $( 2 ). Using (24.61), this becomes 

/•x/2 


~ At = 6 i - i ) ydy +s L,d° e |$(re<#) 1 cosede 

where A 2 depends only on $( 2 ). Applying (24.65) this becomes 

A D , -2b log# - B + 0 r 12 2 0 ]a 

— A 2 ^ b log# + --- / cos Ode 

X J-t /2 


Z x/2 


sin 01 cos 6 d6 + ^ 

x/2 ' tR 


■£ 


cos 0 d0. 


Or 


-A 2 ^ + b + log JBi. 


Letting # —> 00 we see that by choosing 

B > 2A2 4 “ 2b -f* e 


we obtain a contradiction. Thus &(z) ss 0. 



122 


RATE OF GROWTH OF ANALYTIC FUNCTIONS 


[VII] 


26. 6 An extension of a theorem of Iyer. Here we use the method of §23 on 
another problem. 

Theorem XLII. 7 Let {z n } and {w„j be two sequences of complex numbers 
such that 

lim - = Di > 0, lim — = J0 2 > 0, 

jj —Zn n—+ bo Wn 

and for some d > 0, 

| Z n - 2m | ^ | n - m I d, \w n - Wm \ ^ \ n — m\d. 

Let f(z) be an entire function such that 

(25.01) /(rfczn) = 0(1), f(±iw n ) = 0(1), n -> a o, 

and 

(25.02) lim sup *° s ! — k < x(Dt + Dl) m . 

IX I —*00 |Z| 

Then }(z) is a constant. 

That the theorem is best possible follows from considering f(z) — 
sin ttDiZ sinh tcD& with z„ = n/Di and w n = n/D* . 

Proof of Theorem XLII. Let 

(25.03) a — mDi, b = tD% , a = tan 1 a/b, 

and let 

Then Fi(z) and Fi(iz) satisfy the requirements of Theorem XXXI and thus 
we have 


(25.04) 


1 

F'l(±Zn) 




1 

F' 2 (zkiw„) 




6 Cf. Levinson. Integral functions bounded on sequences of 'points, Duke Mathematical 
Journal, vol. 4 (1938), p. 170. 

7 Iyer proved this theorem for real sequences {z„} and with (25.02) replaced by the 
more restrictive condition 


k < ir min (Di , Df) 

or else with (25.01) replaced by 


lim 


log 1 /(±z n ) | 


lim 


log 1 f{±iw n ) j 


V. G. Iyer, On the order and type of integral functions bounded at a sequence of points , Annals 
of Mathematics, vol. 38 (1937), p. 311. 
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Fi(re t8 ) = 0(exp jar | sin 9 | 4- er\) i 

F*{re' e ) — 0(exp {br | cos0 | 4 cr}), 

1 


(25.05) 

(25.06) 


(25.07) 

For y > 0 let 


F lire 49 ) 
1 


F*(nP) 


== 0(exp { — ar | sin 6 | 4 er}), | z =fc z n | ^ id. 

= 0(exp { — br | cos 9 i 4 er}), | z dh iw n | ^ id. 


(25.08) 


,/ >1 _ /(«) _ V'/W exp((z — Zn){- b — ib 2 /a 4 7 )} 

* KZ} F 1 (z)F i (z) 'T F[(z n )F*(z n )(z - z n ) 

_ y^/(— tw n ) exp {(z 4 iw n )(— ia — a 2 /b 4 iy) | 
i Fi(— iw/)F^( — iw n )(z 4 iWn) 

The series converge by (25.01), (25.04), (25.06) and (25.07). For any e > 0 
and small 8 > 0 , 

^(re’ Ca-i) ) = 0(exp {— fa sin (a — 5) 4 b cos (a — 5) — k — e}r} 
(25.09) 4- exp { — (b — y)r cos (a — 5) 4 ( b 2 /a)r sin (a — 5)} 

4 exp {(a — y)r sin (a — 8) — ( a/b)r cos (a — 8)}). 
Since tan a = a/b, simple calculations give 

a sin (a — 8) 4 b cos (ar — 8) = (a 2 4 b 2 ) 1/2 cos 5, 

— b cos {a — 8) 4 — sin (ar — 5) — — (a 2 4 & 2 ) 1/2 - sin 5, 
a a 

a sin (a — 5) — \ cos (a — 5) = — (a 4 b 2 ) l/2 ~ sin 5. 

b 0 


Thus (25.09) becomes 

^(re t(a “ 5) ) = 0 (exp { — [(a 2 4 b 2 ) 112 cos 8 — k — e]r} 

(25.10) 4 exp { 7 r — (a 2 4 b 2 ) ll2 (b/a)r sin 5) 

4 exp {yr — (a 2 4 b 2 ) ll2 (a/b)r sin 6 }). 

There is no essential difference between the cases a > b, b > a. Here we 
assume that a ^ b. Then if 

p - (a 2 4 by ,2 b/a, 

it follows that 

p £ (a 2 4 b 2 ) 112 a/b 

and (25.10) becomes 
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(25.11) 


a) ) = 0(exp \-(a 4 b 2 ) m r cos <5 -f (k + e)r| 

4- exp j yr — pr sin 5 }). 


Let us choose € = \[{a + b 2 ) 112 - k}. Then since (a 2 + b 2 ) 112 > k we can 
choose 5 > 0 so small that 


(a 2 -f b 2 ) m cos 5 — k — e > p sin 8. 


Thus (25.11) becomes 

re t ‘ ( "~* ) ) = 0(e yr ~ prBia& ). 

We now introduce a small rj > 0 and take y = t? sin 2 . Then 

(25.12) Mre <l ‘- S) ) = 0(.e~^ *"“). 

Similarly 

(25.13) ^(r6 i< -' + “ +s> ) = 0(e~ cp ~’’ > ,iaS ). 

From (25.08), i/>(z) is analytic and of exponential type for — ir 4 - a < am z < a. 
But by (25.12) and (25.13), 

(25.14) ^'(z)e'“" , “ <I>- ’ ) 


is bounded along the lines am z = a — 8 and am z — — tt + a 4 - 5. Thus by 
Theorem C of Phragmen-Lindelof, (25.14) is bounded in the entire sector 
— 7 r + a + 8 £ am z ^ a — 8. In particular then it is bounded for am 2 = 0. 
Thus 


Hx) = 

Recalling p = (a 2 + b~) in (b/a) and (25.05), this gives 
ip(x)Fi(x)F 2 (x) = 0 (cxp {(b + e + p — (a~ + b~) lll b sin a/a\x\), 
Since (a 2 + b 2 ) 1,z sin a — a, this becomes 
(25.15) mFiixWx) = 0(e l ‘ +,)l ), 

But by (25.08) 


/(*) = + F i {x)e~ a ~ i) ~ iblz,a 


1 E(z»)A(z»)(* - z„) 


£ —* oo. 


00 . 


a; —» oo. 


oo /*/ • \ i^ n (a—7—ia 2 /6) 

4' F 1 (x)F 2 (x)e~ I ' (a "’ y)l ~ a2T/6 E- ^ - w - n } e _. 

1 Fi(— iWn)F 2 (— iWr){x + iWn) 

Using (25.15) and (25.05) and recalling that a ^ b, this gives 

fix) = 0{e iZt+ ' +y)x ), x—> co. 

But y = f] sin 8 and t and 77 can be chosen arbitrarily close to zero. Thus re- 
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defining e we obtain f(x) = 0(e x ), (x —> <»), for any x. But./( — z) possesses 
the same properties as f(z). Thus the result holds for negative x. That is, 


(25.16) 


f(x) = 0(«* w ) f 


lim sup 

|v| —*00 


log | fiiy) | 


then it follows from (25.16) and Theorem C' of Phragm6n-Lindelof that 

f(z) = 0(e er[Bin$]+tr ). 

But by Theorem XXXII since Da > 0, 

log I/(=h tW») 1 
c = lim sup — 1 , —j—— 1 . 

n-oo I W n | 

Thus c = 0 and 

(25.17) f(z) = 0{e' M ). 

Let 2 _„ = —z„ and «>_„ = — w„ . For any N > 0 let 

it i s _ _ V'__ 

' Vl Fx( 2 )F s ( 2 ) - z„) 


(25.18) 


F^Fsiz) 


_ t- rcngj 

— Fi(iw„)F' 2 (iw„)(z — iw„) ’ 

where the terms n = 0 are omitted from the sums. By (25.06) and (25.07) 
the series converge and H N (z) is of exponential type. Also by (25.06), (25.07), 
and (25.17) 

H K {±re* ia ) = 0 (c 1 '' -,_l “ !+4!,1/Jlr + 1 /r). 

Since « can be taken arbitrarily small, it follows that 

(25.19) tf*(dbre ±<a ) = o(l), oo. 

Thus H n (z) is bounded on the lines am z — ± a, dt (x — a). Thus by Theorem 
C of Phragm 6 n-Lindelof, it is bounded in the entire plane and therefore a con¬ 
stant. But by (25.19) this constant must be zero. Thus (25.18) becomes 

. '•<■>-*<•»■■<■>(g 


(25.20) 


^ _ /"(Wn) _\ 

—oo Fi(iWn)F 2 (iWn)(z — iWn )/ 


By (25.01) there exists an M such that 

I f(±z n ) | ^ M, \f(±iw n ) | ^ M. 
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Thus by (25.20) there exists a C > 1 independent of N such that 

\f N (z) | :g CMV‘ +Wr 

or 

| j(z) | ^ CMe (a+b)rlN . 

Since N can be chosen arbitrarily large, it follows that 

1/(2) I ^ CM. 

But this means f(z) must be a constant. This completes the proof. 



CHAPTER VIII 


AN INEQUALITY AND FUNCTIONS OF ZERO TYPE 

26. Generalization of a problem of Polya. In this chapter we shall prove an 
inequality and show how it leads to a considerable extension of results of P61ya 
on functions of zero type. The inequality is 

Theorem XLIII. Let Mix) be a positive even function monotone decreasing for 
increasing | x | . Let M{x) —► °o as x — ► 0. Let f(z) be analytic for (| x | S a, 
| y | S b) and let 

(26.01) \f(x -b iy) | S M(x), | x | S a, I y I S b . 

If 

(26.02) f log log M (x) dx < oo, 

Jo 

then there exists a constant C, depending only on M (x) and 8 such that 

(26.03) \f{x + iy) | £ C, \ x \ £ a, | y | £ b(l - «). 

We shall show in Chapter IX that Theorem XLIII is a best possible result . 1 
The problem of Polya which we shall generalize here is the following: Let 
G(z) be an entire function such that 

(26.04) lim sup lo 6 j G . ^ 1 g 0 . 

1 * 1 \ z \ 

If as n oo 

(26.05) G(±n) = 0(1), 

then G(z) is a constant. 2 

Roughly what we shall show is that instead of G(ztn) — 0(1) it suffices for 
0 (±A„) = 0 ( 1 ) 

where {X„J satisfies the requirement 

= n —* *, 8 > 0 . 

This restriction on {X n } is only a little more stringent than 

1 The results of this and the next chapter are sketched in Abstract 472, Bulletin of the 
American Mathematical Society, vol. 44 (1938), p. 789; and in Abstract 141, loc. cit., vol. 
45 (1939), p. 236. 

a This problem was set by P61ya, Jahresbericht der Deutschen Mathematiker-Verein- 
igung, vol. 40 (1931), Problem 105. Many solutions have been given. 
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lim 


n 

\n 


= 1 . 


However we shall show that G{z) can satisfy 

G(zkXn) *= 0 ( 1 ) 

where 



n —> oo j 


and yet not be a constant. Here again 


lim £ - 1 . 


Thus for {X n ) merely to have a density JO > 0 is not enough for the validity of 
our results. This result deviates very much from existing density theorems in 
that it goes as far as it does and yet need not be true for a set {X n J having a 
density D > 0. 

In order to illustrate the method of this chapter, let us use it to prove the 
original result of P61ya, that is, G(z) is a constant if (26.04) and (26.05) are 
satisfied. 

Proof. For any integer N > 0, let 

TT / \ 1 f 00 zG N (z) wg , 

(26.06) H n (w) = T e dz, 

2iX J —*oo sm 7 rz 


where w — u -f iv. 
(26.07) 


Equation (26.06) can be written as 



iyG v ( t y) e iv» d 
sin iriy 


Since by (26.04) for any c > 0 

yG ( iy) __ 

sin riy 1 


I y I —>• °°> 


it follows from (26.07) that H N {w) is analytic in the strip (— °o < u < 

| v | < 7 r). Again by (26.04) the path of integration in (26.06) can be closed to 
the right if u < 0 and to the left if u > 0 for | v | < t giving 

HM = E ( —1)" _1 nG N ( — n)e~ n '°, u > 0, 

( 26 . 08 ) 

H„(w) = E (-1 

n-1 

From (26.05) it is clear that with no restriction we can assume 

I G(±») I S 1. 


u < 0 . 



GENERALIZATION OF A PROBLEM OF I’UI.VA 


129 


I 26 ] 


Thus by (26.08) 


I H„(w) | S Z ne-" M . 

1 

Or 

(26.09) | H k (w) | g 10 /m 2 . 

Setting M ( u ) = 10/m 2 , it follows from Theorem XLIII that for some C > 1 and 
independent of N, 

| H*(u) |SC, | m | < 1 . 

Combining this with (26.09) for | u \ & 1 , 


(26.10) 


i H s {u) | 


< 20 C 


Applying the Fourier transform theorem to (26.07), 


iyG N {iy ) __ 1 


By (26.10) this gives 

Or 

Letting N °o 

(26.11) 


sin 7 ny t J~oo 

1 iyG N (iy) 

| sin iriy 


= - f H N (u)e iu 
7T J- oo 


du. 


S 20 C. 


G{iy) | S — ~ ri ' J " 


I 0(iy ) | S 1. 


It follows from this and (26.04) by Theorem C of Phragm4n~Lindelof that 
G(z)e~ tz is bounded for x > 0. But by (26.11) and Theorem C of Phragm4n- 
Lindelof it follows that 


I G(z)e~' z ]^ 1 , x^0. 

Since c is arbitrary it follows that | G(z) | ^ 1 for x ^ 0. Similarly this holds 
for x S 0. Thus G{z) is bounded and must be a constant. 

In the general proof we shall give later, the only real change is that M(u) 
instead of being 10 fu as here will be much larger at u — 0. The precise state¬ 
ment of the generalization of Pblya’s result is given in the following theorem. 

Theorem XLIV. Let G(z) be an entire Junction of zero type; that is, 


lim sup 

I * 1 —*oo 


log 1 G(z) 1 


^ 0. 


(26.12) 
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Let (z„) be a sequence of complex numbers such that if z n = r n e' ”, 

(26.13) r„ + i - r. g l/«(r„) 

where t\u) < u 112 is 3 a non-decreasing function of u. For some D > Olet 

(26.14) | » - rj) | S r„9(r„) 
where 6(ii) is a monotone decreasing function such that 

(26.15) jf ^ {log eft) + *(“)} du < «• 

one? suc/i $(u)t(u ) is monotone decreasing. If 

(26.16) 0(±Zn) = 0(1), 

then G(z) is a constant. 

In particular if r n+ 1 — r n d then (26.15) becomes 

r e{u ), 1 , ^ 

/ IT h *S(E5*‘ < “• 

This condition is satisfied if 0(w) = l/log 1+s w, 6 > 0, for large u. 

It will be shown in Chapter IX that if 

f — t(u) du= oo 


then Theorem XLIV does not hold. Thus (26.15) falls short of this necessary 
condition by the term log l/0(4w). It is possible to replace (26.16) by 

0(X») - 0(1), C(-Mn) = 0(1), n -> oo, 

for two positive sequences {X„} and {jUn) obeying restrictions similar to those on 

{*.)■ 

The relationship between Theorems XLIII and XLIV is brought out by the 
following theorem from which Theorem XLIV is derived. 

Theorem XLV. Let G(z) be an entire function of zero type. Let {X n ( satisfy 
the inequalities 


(26.17) 


D > 0; lim sup — < oo. 

n —*oo A n 




8 1 is of no special significance here. 
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(26.18) 


00 — X n |«| 

"<“> - ? TOP 


G(±\ n ) » 0(1) 

and 

/ log log M(u) du < oo, 

•'0 

then G{z) is a constant. 

We shall show in Chapter IX that this theorem is best possible. 

We shall first prove Theorem XLV and use Theorem XLIII in so doing. We 
require the following lemma. 

Lemma 26.1. Under the hypothesis of Theorem XLV there exists a sequence 
{^ni > —*■ 00 , such that 


(26.19) 


___ — f)( e AXn ) 

F(±x n + iy) W h 


for some A and 

(26.20) | F(x + iy) | fe Coe® 1 " 1 , 

for some B > 0 and Co > 0. 

Proof of Lemma 26.1. Clearly 


I y I > io | x |, 


*)ifcf[i-j£-(n n n)|i-£ 

1 An \AnS*/2 x/2<X n <2x \ n ^2x/ | An 


1 F(* + i : 


Since 1 — u > e 10 “, u < i, and since 


IS " 1 >*’ 


X„ S fs, 


we have 


(26.21) 


i f(x + iy) i ^ n i - n 


But by (26.17) there exists some Di such that 


(26.22) 


I >5) 

X„ - n ’ 


and also some D 2 such that 


(26.23) 


L <£l 
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Thus for large x 


n • 

X„a;2x 


~10x 2 /A 2 


^ exp 


10x 2 

xdh* / 

^ exp t — 10 xD\ 2 

1 n/D^x n 2 J 

exp {—10*^ £ 5} & e- ltec 5' c *. 


And (26.21) becomes 


I f (* + ly) I 6 <T ItoD ’ /c ’ n x + f 

x/2<K<2x x 


1 +^- 

X n — X 

X« 

X n 


Taking x > 0 this gives 
(26.24) 

Clearly 


Fix + iy) | II 

x/2<X w <2* 


X„ — x 


Xn 


i ^(xj i = ~ n 7 1 ~ 


x ^ 

''•to n-> 


>w 

Xn 


where the prime on the products denotes the omission of the term n ~ m. 
This becomes, for large m, if [ X m — x | ^ 1, 

inui s n £ ; ir 

X n ^*/2 Xn */2<X n <2x I Xn I 

Using (26.22) and (26.23) this becomes 

x 2 m D; 


I F'frJ I a n z 

n/D 2<>xf2 xt 2<X n <2x 


II' i-£ II 3 


x» 


n / X>2<2x 


^ ?Z , D , TT, I Xn — Xm 

- r 2 (l + §xD 2 j */2<X„<2* I X." 
Using Stirling’s formula there exists some Ai such that 


(26.25) 


I F'(XJ | 5 e-“* II' 


X„ - X„ 


*/2<X n <2* I X n I 
If | X* — x | is a minimum for k = m, then 

I X n - x \ ^ J | X„ - X m | , 

for otherwise | \k — x | would be a minimum for k — n. Thus from (25.24) 
and (26.25) 

I X m x I 


I Fix + iy) | a | r(Xn) | 


n 

xt 2<x n <2* 
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Or for some Ai 


\ F{x + iy) i ^ e" A2 * | F'(\ m ) || Xm — x \ . 


By (26.23) there exist an infinite number of \ m , {A m J such that 
Xm n +1 “ X^ ^ I/-O 2 • 

For such \ mn let 

x n = \m n + min {1, i^+i ~ X OTn )|. 

Then by (26.26) 

(26.27) | F(x n + iy) | ^ <T A2 ** | | min (1, 1/2Z> 2 ). 

But by (26.18), since M(u) < <x> for all u 7 * 0, and in particular for u — 1, 

| F'(\ m ) | > e~ Xm 

for all large w. But X TOn ^ 2x n . Thus (26.27) becomes 

| F(x n + iy) | ^ e “ Ul+2)a:n min (1, l/2D a ). 

Since F(z) is even this gives (26.19). 

Clearly 

log | F(x + iy) | = log 11 - I = £ log 11 + V — ~ X 7 2txy I 

1 I x n I 1 I x n I 

If | y | > 10 | x | , this gives 


log | F(x 


+ w) I ^ £ log ^1 + ^. 


By (26.22) 


log | F{x + iy) | 


p' 4 +SO- 


sin vDiiy/2 1/2 
t£>,v/2 1 « - 


(26.20) follows easily. 

Proof of Theorem XLV. By (26.20) and 


(26.28) 


0 (e) = 0(e* N ) 


there exists, for all integers N > 0, 


(26.29) 


v(M) - hi 


1 /•’" G N (z) 


v(u + iv) = C f e 

V—00 


(£*- i^«)itfl+lvr| 



134 


INEQUALITY AND FUNCTIONS OF ZERO TYPE 


[VIII] 


for some C. Since € is arbitrarily small, it follows that H y (w) exists in the strip 
(- oo < U < °o, I V I < B). Similarly this holds for H*(w) and thus H*(w) is 
analytic in the strip. 

By Cauchy’s integral theorem, for large u > 0 


* n +10 ix n ^—10ix n —x n /*10 

H*(u) = -—.(/ +/ + J . 

2m \J-X n ~10ix n j~10ix n J 10t: 


10 i*n 
10t*n — x n 



+ 



G N (z) 

F(z) 


e uz dz + 


V' 

x,<*n n-hd 


—uX* 


Or, as n —* °o, using (26.19), (26.20) and (26.28), 


H k {u)~ E 




X*<* n F'i—'kk) 


-<£ 

= O^x 


UN*x n +Ax n —ux n 


dy 


f 

Jo 


+ 1 e 


llNtx n - IQBzn 


dx+ e Ntv ~ Bv dy) 

J 10*n / 


-(u-lliVe-A)*,, 


+ 


B~Ne 


-(.10B-UN*)x n 


)■ 


Thus for e small and u > 11 Ne + A, letting n —► oo 


H n (u) = 


V' G N (—\ k ) -«X* 
F'(-\ h ) 


By (26.18) and G(= LA*) = 0(1) it follows that the series above converges for 
all u > 0. Since H N (w) is analytic it now follows that 

»>o. 

With no restriction we can assume that | (?(=fcX n ) | S 1. Thus for u > 0 

(26.30) | | ^ = M{U) - 

Similarly this holds for u < 0. From (26.30) it follows that independent of N 

(26.31) H„(u) = 0(e -a,2)x,l “ l ), | u | ®. 


From (26.30) it is clear that H N (u) is bounded away from u = 0 independent of 
N. We shall now show that this is also true around u — 0. 

Since H N (w ) is analytic in the strip | v | < B it certainly is analytic in the 
square 

(M lB,\v\ ^ - J. B). 

Since in this square 


I Hs(w) | ^ M(u), 
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it follows from Theorem XLIII that there exists a constant Ci independent of N 
such that 

I H n (u) | g Ci, \u\SiB. 

This combined with (26.30) and (26.31) gives 
(26.32) | H„(u) 1 5 C 2 c' a/2)>l|ui 

for some C% independent of N. 

By the Fourier transform theorem (26.29) gives 


Thus by (26.32) 


^ ° 2 f 

J— «e 


i 6 (iy) [ S ~ 2 F(iy) 

Al 


Letting N —> <», this gives 


I G{iy) \ S 1. 


By the same Phragm4n-Lindelof argument that follows (26.11) this leads to the 
fact that G(z ) is a constant. 

27. Proof of the inequality. We now turn to the proof of Theorem XLIII. 
We shall use the following lemma. 

Lemma 27.1. Let M(x ) satisfy Theorem XLIII. Then there exists a function 
<E>(z) analytic except for z — 0 such that for any 5 > 0 there exists a Ci(<5) > 0 and 


*(z) | a cwo, 


Moreover 


(27 - 02) i*«i 

along some cusp symmetrical with respect to the imaginary axis, with vertex atz = 0 
and opening along the positive imaginary axis, and <£(z) is continuous inside and 
on this cusp. 

We shall use this lemma to prove the theorem and then prove the lemma. 
Proof of Theorem XLIII. Let 4>(z) be defined as in Lemma 27.1 and let 
(z) = $(z + b), $ 2 (z) — #(b — z). 
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Let R be the region bounded by two cusps (congruent to the cusp of Lemma 
27,1) and two parallel lines as shown in Fig. 3. Let the y coordinate of the 


x 


Fig. 3 

point P be b — 8, (8 > 0), and the x coordinate be x 0 > 0. Since <£(z) is analytic 
away from 2 = 0 

I $(«) I < ^(«). I * I 6 a, 

for some A (5) > 0. By (27.02) on the cusp portions o'f the boundary of R 
I *>i(*)<Mz) I ^ A(d)/Mix), 

and on the parallel lines portion of the boundary of R 

1 »!(*)*»(*) | =S 4 2 (S). 

Recalling that 

| /(z) | 5 M{x), I x | g a, | y 1 g 6, 

it follows from the above three inequalities that 

(27.03) \f(z)*&)**(.*) I £ A(8) + A\S)M(x 0 ) 

on the boundary of R. Moreover f(z) # 1 ( 2 ) $ 2 ( 2 ) is continuous inside and on R 
and analytic inside of R. Thus by the maximum modulus theorem, (27.03) 
holds inside of R. Therefore if | y | ^ b — 5 and ] x | ^ xo , 

, ^ Ms) + A\s)MM ^ A(i) + A\S)M(X „) 

IJWI “ | *i(e)*.(*) | - C?(«) 

Also for a g x > x„, \f{z) | g M{x 0 ). Thus 
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a, | y | £ b - 5. 

But this proves Theorem XLIII. 

In certain cases the existence of $( 2 ) is easily shown at once. For example if 
M(x) = 

then it can be easily shown that 


satisfies the requirements of Lemma 27.L However to prove Lemma 27.1 for 
any M(x) is somewhat laborious. We require the following lemma. 

Lemma 27.2. Given a positive monotone increasing function N(u) such that 

(27.04) N w (u) 

there exists an entire funtion F(z), 

(27.05) 9? F(z) 

for 

(27.06) | 

Proof of Lemma 27.2. Since N(u) is increasing and since N'(u) > W 1 / 2 (w), 
for large u t N'(u ) > N 1/2 { 1) and therefore N(u) > uN m ( 1 ) - const. Thus 

lim N(u) = 00 . 

ii-+ao 

Let n(u) be the inverse function of N{u). Then since N'(u) > 0 and N(u) 00 
as u —► co, it follows that n(u) is monotone increasing and n(u) —* 00 as u -+ 00 . 
Let 

(27.07) g(u) = - f“n(v) dv. 

u J 0 

Then g(u) —► 00 as u —> ». Also 

✓<«) - !« - i /' „(,) * a _ 5<S> /■ * , 0 . 

U U 2 Jo u u 2 J 

Thus 0 (w) is monotone increasing. Using (27.07) and differentiating ugf(w) gives 
(27.08) n(w) = flf(w) + ug'(u). 

Let 

= Jf d% 


> N'(u ) > iV 1/2 (u), 

(2 = 3; + zy), that 

^ exp W(w)dw^ 


w —> 00, 


V I ^ 
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Since g(u) -> » as u -> «, F(z) is an entire function. Let 2 = x + iy. Let 
» = u/N(x). Then 

iV(x) / exp i - r 0 (i>jV(x))}] dv. 


Let 



- «rf*tf(x)) - N(x)g'(N(x))}} dv. 


Then 

(27.09) F(z) = F l (z)N(x) exp [N\x)g'(N(x) 

Let v = 1 + t. Then 


(27.10) riW 


dt. 


Let 

(27.11) h(t) = -IV(x){x(l + 0 - 
Differentiating 

h'(t) = —N(x){x - g[(l + t)N(x)] - (1 + f)ff'[(l + t)N(x)]N(x)). 
Using (27.08) this becomes 

(27.12) h'(l) = -N(x){x - n[(l + t)N(x)]}. 


Differentiating again 

(27.13) h"(t) = JV J (*KI(1 + t)N(x) ]. 

Using n(N(x)) = x and (27.08), 

h( 0) = 0, h'( 0) = 0. 


Thus 

(27.14) h(t) = [ (t - v)h"(v) dv. 


Using u — n(v), v = N(u) and (27.04), 


v w n\ v) 


N w (u) 
N'(u) ’ 


Setting v = (1 + t)N(x) it follows for sufficiently large x that 
(1 + t) ll2 N ,n (x)n'[(l + t)N(x)\ > 1, 


U—> OO. 


t S 


Using this in (27.13) 
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(27.15) 


A"«) > 


N m (x) 


^ ' (1 + *) 3 / 2 > 

for large z. Using this in (27.14), 

rv ...„ «) r 


(27.16) 


,, A - r‘ . . N l,i (x) , . iV 1/2 (x) [‘ ,, . 

= j| « #) (T + y)3/2 <fo = (1 + | (() , /t J o (< v) < 

^ N ll2 (x) f 


= (1 + | i |)««2 ’ 

Since, by (27.13), A"(t) > 0 and since h'(ff) = 0, h’(t) < 0 for t < 0. Thus 

MO & M- i), t s 


Using (27.16) with t — — this gives 
(27.17) MO 


N m (x)t 2 


for large x. 
Let 


(27.19) 


= N~ v \x) 


(L + l) 


e~ Hl) dt. 


Then by (27.16) and (27.17), 


i<z{C+iy 

= 2 s ?f 


dt a ? ['e-" UH * u * la tdt. 


Integrating 


8 N~ ln (x) - N u 


Using (27.18) and (27.19) 


(27.20) (£ T + jQ e'*' 0 M £ 8 N' zl \x)e~ K '' Hx>,s < , 


Again using (27.16) 


J“ e~ H,) dt S 


Setting £ — s 2 and integrating by parts 
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(27.21) 


£V“° dt S 200e~ r,ln(x)la < ~ 


2 N 10 (x) ’ 


We now obtain another inequality for h(t). Letting u = n(v), v — N(u), 
and using (27.04) 




Using v m n'(v) < 1 in (27.13), 


h"{t) S 


(1 + t) m N l/2 (x) ’ 


for large x. Thus for 111 < § 


Using this in (27.14) 


Therefore with t — N m (x) 


h"(t ) ^ 2 N m (x). 


h(t) <: t 2 N m (x), 


e-™ dt > dt. 


Setting s = tN**(x) it follows for large x that 


(27.22) 


L e U>dt ~ N*i\x)L e ‘ ds ~ low 


t > —4 


l t | < §, x —» cjo. 


10 N*«(x) ‘ 


By (27.20) and (27.11) 


u*) = £V' 


V(<+l)Ar(x) -hit) 


dt. 


WF&) £ £ cos {y(t + l)JV(x)} e~ M,) dt - + jQ e - w,> dt. 

Using (27.20) and (27.21) 

£ f COS {y(t + l)iV(x)} e - fcc<> dl - -i- s -. 

J-r iv 10 (x) 

For | y ] ^ 1/W(x) and for large x 

cos {?/(* + l)iV(x)) ^ cos (1 + r) > cos x/3 = §, | t | £ r. 


**<*>*S L 


1 ^ e~ k(,) dt 1 


W 10 (x) ’ 
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Using (27.22) 

- 20 \N*i*(x) ~ WHx) > 25 N*i*(x) ’ X 

for | y | <£ l/JV(x). By (27.09) this gives 

(27.23) 9lF(z) k -feN^Xx) , \y\ ^ 1/N(x). 

Since 

?'(#(*)) = ^ j[ n(0 dt. 

Setting n(0 = u, t = N(u), 

9>mx)) = m~ml uN ' iu)du - 

Integrating by parts 

''«'<*» -3^5 jf *»>*■■ 

Using this in (27.23) and recalling that iY(x) —> oo as z oo ; 

$P(z) ^ exp |jf N(u) duj, | y | S 1/N(x) t z-* <*>. 
This completes the proof of the lemma. 

Proo/ 0 / Lemma 27.1. With no restriction we can assume that log log M(x) > 
0. Let 

(27.24) m(y) = jA_ log log M{\y) + A. 

Then m(y) > 0 and 

(27.25) [ m(y) dy < 00. 

Jo 

Let 

rllu 

(27.26) y(u) = / m(y)dy, u > 0. 

Jo 

Then y(w) is a monotone decreasing differentiable function of u, and from (27.25) 

(27.27) lim y(u) = 0. 

«-*•» 

Let T(u ) be the inverse function of y(u). Then T(u) is monotone decreasing 
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And differentiable and by (27.27) 

lim T(u) = oo. 

tt-*+0 


Let 

Then 

Setting e~ u = v 


N(u ) = e u T(e “). 
N z, \u) _ e~ ul2 T m (e- u ) 


N'(u) - Tie -«) - T'(e~ u )e- 


f v 3/2 M r . , -V / 2 r 3 » 

iV'(w) *-*+0 t>T'(t>) + T(v) 


Setting 1 / = y(u), u = T(t;), and recalling (27.26), we have 


lim inf 


N m (u) _ 


(27.28) 


^(u) 


= lim inf 


= hm inf 


y'(u) 


-y 1/2 (u)u zl2 
y(u) + uy'{u) 

(/o /,, «(y)rfy) 1 / VlAO«~ 1, * - 

/F“ m{y) dy - (l/it)m(l/w) ' 


Since m(y) is a decreasing function, the denominator above is positive. Thus 

r . rN m (u) .. . (fl' u m(y) dyy l 2 m(l/u)u ~ 112 

lim inf ^ hm inf ^ \ - 

«— #(*) JJ 7 m(y)dy 


lim inf - 


t> 1/2 ra(t>) 


«-+o (/; m(y) dy ) 1 ’ 2 

Since m{y) is integrable (0,1) it follows that 

lim inf ~ ^ lim inf v 1 , 2 m{v). 

u—*oo N ( U ) r-»+0 

From the definition of m{v) this gives 

Hm inf a 2 - 

u —>oo N'(u) 

This proves part of the inequality (27.04). Incidentally it also follows from 
(27.28) without taking the limit as u —► °o f that N'(u) ^ 0, (u > 0). The other 
part of (27.04) we now prove. Just as in (27.28) 

N u \u) 


(27.29) 


Hm sup 
«-« N (u) 


— hm sup 


u m m(l/u) 


(Sl ,u m(y) dy) 112 (JJ'“ m{y) dy - (l/u)m(l/tt)) 
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But by (27.24) since M(y) is decreasing 


m{y) - m(l/u) ^ - T - 2u'\ 
y r 


f m{y) dy - = f jm(y) -r m{\/u)\ dy 

Jo U Jo 

*f 2 (iV 


0 <y< 1 /«. 


Using this in (27.29) 


TO 

W( 


n (u) l // r 1/u Y /2 

^ m(s,)d v ■ 


Since m{y) is decreasing 


,l/« 

u m{y)dy ^ miX/u). 
Jo 


v NU2 M ^ r 1 i/Vi / ^ 

'“ p to = hl TO up TO 2 m (1/u) ' 


Or setting u = 1/v, 
(27.30) li 


lim sup ^r T —^ U ) S lim sup \ {vm(v)} 112 . 
ii—« m \u) *-*+o 


J m(?/) dy ^ m(i>) / d?/ = Jm(y). 

t>/2 Jv/2 

Since m(y) is integrable it follows on letting v —► 0 that 

lim vm(v) — 0. 

«-*+o 

Thus (27.30) gives N m (u) ^ N'(u) for large u and this completes the proof 
of (27.04). 

It now follows from Lemma 27.2 that there exists an entire function F(z) 
such that 


where N(u) = e u T(e u ). Let 


WF(x + iy) ^ exp |jf N(u ) duj, | y \ S l/N(x), 

■ u ). Let 

/OTO = F(iogL). 


Thus x + iy log 1/r — id and 
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f f logl/r I 1 

»/(«*) ^ exp j J N(u) duj , | * | £ 


iV(log 1/r)' 


| fl | £ l/rT(r). 


| rtf | g 1/T(r). 


But IV (log 1/r) = rT(r). Thus if we set u = log 1/1 above, 

9t f(re iS ) g exp | £ T(£) d{|, 

Let re' 1 = w + iv. Then r = (u 2 + r 2 ) I,2 and 

SR/(m + iv) g exp | T(£) dfj, 

But for small 6, | 9 | g 21 sin 6 \. Since r sin 0 = v, it follows that 

%f(u + iv) g exp T(i) dj j, I » I ^ l/2T(r), u > 0. 

Since y is the inverse function of T , 

(27.31) SR/(u + w) g exp ^ > ty'(t) dt), r g 7(1 /2| ti |), u > 0. 

Since y and T are decreasing, if r = 7(1/21 v |), 

/•rd) /•rl7(i/2l«|)J /*i/21 © | 

ty'(t)dt=- 7 '(t)tdt=- y'(t)tdt. 

JrM Jr(1 > 

But 7'(Q = ~-m(l/0A 2 . Thus 

r t(i> ri/thi j f 

/ ty'(l)dt = /() — , r = 7(1/2| t>|), u > 0. 

Jr(r) J r(i) t 

Setting t = 1/f and taking | v | small, 

/•r(i) /•l/rd) 


/*r(D /•i/rd) 

/ *y'(<) dt ^ / m({) ~ 

•'r(r) J 2|r| f 


J 2\vl t J2\v\ £ 


"‘VS/ ^ 

2 J v | J 

= log 2w(4| v |). 

Recalling the definition of m(u), 

log 2m(41 v |) > log log M(v). 

Therefore 

fT(l ) 

ty'(t) dt > log log M{v\ r = y(l/2\v\),u>0. 

" T(r) 


(27.32) 

Thus (27.31) becomes 


+ iv) J> log M(v). 
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Let 2 = iw and let $(2) = e~ n "\ Then by the above inequality 

(27.33) i #(2) | g ^, |i | =7(1/21*1), y>0. 

But y(u) —» co as u —> 0. Thus 

| 2 | = 7(1/21 x |), y > 0 

is a cusp-shaped curve with vertex at z = 0 and opening along the positive 
imaginary axis, y > 0. That $(2) is continuous everywhere except at z = 0 
follows from the fact that it is analytic everywhere except at z — 0 (and at 
z = 00). By (27.32), since v —» 0 as r —> 0 it follows that 

fT(l) 

lira / ty'(t) dt = 00. 

r-»0 " r(r) 

Thus by (27.31) 

$tt/(w + w) —► 00, r —> 0, r £ 7(1/211> |), u > 0, 

and therefore $(z) —► 0 as 2 —> 0 inside or on the cusp. Thus in and on the 
cusp H z ) is continuous. This proves (27.02). Since 

I *« I ^ 

and f(z) is analytic everywhere except at z = 0 (and z = °o), (27.01) follows. 
This completes the proof of the lemma. 

28. Proof of the theorem on functions of zero type. We shall now prove 
Theorem XLIV and also prove as a corollary the following theorem. 

Theorem XLVI. Let g(z) be analytic in the entire plane including infinity 
except at z = 1. Then by modifying g(z) by at most a constant , 

(28.01) }W = Ew’, M < 1, 

0 

(28.02) 0(2) = «»z", M > 1. 


Let {m n } be a subsequence of the positive integers such that, for some D > 0, 
(28.03) | m n D — n \ S. m n 6(m n ) 


where 6(u) is decreasing and 


1 


-*(«) 


log 


0(4«) 


du < ». 


If 

(28.04) 

for some integer K, then 


— 0(m„) 
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That (28.03) cannot be replaced by 

lim — = D > 0 

*-♦00 Win 

will follow easily from the fact that this cannot be done in Theorem XLIV. 
Proof of Theorem XLIV. Let 

Gi (z) = G(z)G(-z). 

Then G x (z) is of zero type and by the Hadamard product theorem, Theorem D, 
since G x (z) is even 

Gi(z) = oz k n ^1 - ^ ^ > 

where k is an integer and {r„} is a complex sequence. Let 


Gt(z) = az 


S('-ra)- 


Then since 




it, follows that 

| G,(±r n ) | g | ft(±0 |. 

Thus by (26.16) 

(28.06) 0 2 (±r.) = 0(1), n-K». 

Let the number of | r„ | < u be r(u). Then applying Jensen’s theorem, 
Theorem A, to G 2 (z) gives 

1 r rM 1 f ls „ log + |W’)| 


lim sup - [ — du ^ ~ [ lim sup ^ 
r -*oo r J i u 2t Jo r-*» 


Since G x {z ) is of zero type, 


lira 1 , f^du = 0 . 

-»r Ji w 

^ lim sup ,-^53 log fl + 1 — 1') 

|«f —►00 I z I l \ I Tn I / 

= lim sup - f log (1 + ) dr(u) 

r-oo r J 0 \ U 2 / 


Clearly 


limsup 1 ^ 1 ,^ 

|#|-w \Z\ 


Integrating by parts twice 
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l imsup ^^J si™ sup f 

|* | “-*oo j Z | r —*oo Jq 

— lim sup I 

r—*co J 0 


4 ur f t(v) , 

—I - dv 

( u? -h r 2 ) 2 J i v 

4u 2 du 1 frW, 


'o (u 2 + l) 2 ur J i t> 

r 1 f r r(v) , r 4u 2 du 

— lim sup - /-at> / 7 -—-—— 

r —qo r Ji t; Jo (1 + w 2 ) 2 


Thus (r 2 (z) is of zero type. 
Let 




Let A (u) denote the number of r n < u. If a prime on the product or A (u) 
denotes the omission of the term r k , then 


-sS'M) 


(28.07) log | F'(r k ) | = -log g + f log 1 - 1 AY'(«). 

A Jo U L 

Since r n +1 — r n ^ l/t(r n ), 

L rt I L r*l 1 


i-4 


i - rt 

r« 


r„ 


2r*Z(2r*) * 


(r k - 1 ^ r n ^ r* + 1), 


for large k. Also since there are less than 2t(2r k ), r„ in (r* — 1, r* -f 1), (28.07) 
becomes 


log | nr*) | £ -log + 


cr+o 


log 1 - dA(u) 
tr 


- 2t(2r t ) log |2r*«(2r*)}. 


For t(u) < u w , 

log | F'(n) | = (J^ 1 + £ + ) log j 1 - J|dA(u) + 0(ri' 4 ). 
Integrating by parts 

log | F'(r k ) | = A(r* - 1) log 11 - ^ - j 2 [ - A(r* + 1) log 11 ~ ~ 


A(r* + 1) log 1 


(r* + l) 2 1 


(I + O 


^L_25_d« + 0(O. 

4/ r* — •JV'* 
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But for large k, 


A(r k - 1) log 


1 - 


r k 


0* - l) 2 


- A(r* + 1) log 


£ A(r* + 1) jlog 

= A(rjb + 1) log 
Thus for some constant C, 

(28.08) log | F'(n) 1 > -Crib 74 + 
Setting v = r\/u 


1 - 


Tk 


2 

Tk 


(r* - 1 ) 

2n — l ( n + l Y 

2 r t + lV* - 1/ 


(r* + l) 2 

I 

- log 


1 - 


rl 


in + l) 2 


> 0. 


(T + D 


A (u) 2 r\ 


du. 


J, t +i u rl — u Jo 


'* /(r ‘ +1) K{rl/v) 2 r\ 


r\/v r\- if- 


dv. 


But 


ri , i+ 1 

— Tk — 1 T- 


r k + 1 " ~ ' r* + T 

Thus (28.08) becomes 

log I F'(r t ) i > - CrJ /4 + - ^r) rf^ dU 


(28.09) 




r*-l+l/(r*+l> . / 2 


A(rl/u) 2r k 


Tk -1 


r£/w r 2 — w 2 


du. 


For large k the last integral above is less than 


CD +1) . max .,. < ( D + O < 4 ( D + O- 


r* + 1 o<u<ii/a 
Thus if Ci = C + 4(2) + 1), (28.09) gives 


(28.10) log | F'(rjfc) | S -CirJ' 4 - [ ‘ 

JO 


A (u) A(rJ/u) 


2r£ 




Clearly (26.14) can be written as 

| A(w) — wD | is w0Cu). 

Thus for w < rk 


(28.11) 


A(w) A (rl/u) 


u r\/u 


S 6(u) + d(ri/u) S 20(u). 


Also if » > « 4- 1, 
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A(a) _ 

_ A(t)) 

1 0> — w)A(w) 4- u{A(u) — A(0) 

u 


| uv 


^ A (u) v — u . A(t>) — A(u) 

S2-j- 

U V v 


< v ~ u _l_ ( y - + 1) 

” U V V 


^ j 2D -f~ tty) + 1} 

Using this and (28.11) in (28.10) 

log | F'(r k ) | * -CA 1 * - 2 [ 

Jo 


r r k -r t 6(2r k ) 


(28.12) 


e(u) 4~ru> du 


r 1 {2D + l(v) + 1) —“ _M_ dM . 

Jfi.- 




rf/w rf - u 2 


If rjt0(2rjfc) ^ 1 above, then the second integral above does not appear since the 
range of integration in (28.10) has r k — 1 as its upper limit. Since 6(u) is 
decreasing and tty) non-decreasing, (28.12) gives 


/•Os/2 rrt-t 

log I F'(r k ) I ^ -Cirl 1 * - 8 | Bty) du - 4 r k d(§r k ) J ^ 


r k 


r k - u 


-du 


1 

{2D + t(2r k ) + 1( du 

ri—rk9(Jr k ) 

^ -Cirl 1 * - 8 J( e(u) du - 4r*0(§r*) log 


- 2{2D + t(2r„) + 1 ] r k 8(2r k ). 


Or if 


(28.13) 


$(t;) = Civ 1/4 H— f 6(u) du -f- 40(§v) log —^- 
v Jo 


0(2t») 

+ 2{2D + t(2i/) + 1 )0(2i>), 


then for some C 2 
(28.14) 


i -i(r.), 
r k 


k ^ 1. 


Since 0(w) and Qty)tty) are decreasing functions, 5(w) is also decreasing. Let 


mIWI' 


Then 
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^ 23 e‘ ( ' i)rt u ' l/i 

Let the inverse function of S be A. Then 


M(u) i 


for some C 3 depending on D. Or 

(28.15) M(u)< 

where Ct also depends on D. ...... 4 

Now by Theorem XLV if we can show that log log M(u) is integrable, (0,1), 
then it will follow from (28.06) that G,(z) is a constant. But if G,(z) is a con¬ 
stant, G(z) must also be a constant. Thus Theorem XLIV will be proved if 

log log M(u) is integrable. . , , m 

Since, by (28.13), 5(v ) > it follows that Mu) > C t /u . Thus it is 

clear from (28.15) that log log M{u) is integrable over (0, 1) if 

f log A (%u)du < 

Jo 

or if 

(28.16) / log A (u)du < ». 

J o 

But if A (u) = v, u = S(v) and (28.16) is equivalent to 



< oo. 


Integrating by parts this in turn is certainly true if 

(28.17) l — dv < *. 


By (26.15) it follows that 

(28.18) 


and 

(28.19) 


p d(u)t(u) 

1 U 


du < °o. 


Since t(u) is non-decreasing (28.19) implies 
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(28.20) du < w. 

u 

Integrating by parts and using (28.20), 

r * [’«<»)*. p r, ( «) j.t+ r*w * <. 

•L V 2 Jo L v Jo Jl *>1 V 

Using these results in (28.13), the definition of S(v), it follows that 

(28.21) 

This completes the proof of the theorem. 



Proof of Theorem XLVI. Let 
(28.22) G(w) 

where C is a path in the positive direction around the point z = 1 but not 
enclosing the point 2 = 0. Then G(w) is an entire function. If we take C as a 
circle of radius 5 > 0 around 2 = 1 , then 

■oi s 

Since this holds for any 5, G(w) is of zero type. 4 

We now deform C into a path as shown in Fig. 4. If w is an integer, positive 
or negative, and the two parts of the path parallel to the real axis are brought 

4 It is well known that any entire function of 1/(1 — z) iB associated with a function of 
zero type and conversely. This result appears in the work of Carlson and Wigert. 
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down to the real axis they cancel each other since z n+1 is a one-valued function. 
Thus if w = n the path breaks up into two parts and if the series (28.01) and 
(28.02) are used in (28.22), 

G{n) - -a n , —oo<n<oo. 


By (28.04) 


(?(±w n ) — 0(yn n )• 


Now G(w) is of zero type and therefore by Hadamard’s factorization theorem, 
Theorem D, is either a polynomial of degree K or less, or else has more than 
K zeros. Let us assume that G(w) is not a polynomial of degree K or less. 
Then if we divide G(w) by K of its zeros and call the resulting entire function 
of zero type Gi(w), 

Gi(±m n ) = 0(1). 


Thus by (28.03) and Theorem XLIY Gi(w) is a constant. But this means 
G{w) is a polynomial of degree K. Thus 

G(w) — Bq + B\W + • • • + B k w k . 


But a n = ~-G{n). Thus 

a n = —Bo ~ Bin — * * • — B K n K . 


Since 


it follows that 

K+l 

gb) £ 

But by (28.02), g(z) —> 0 as z — > oo. 
of the theorem. 


Thus Ao = 0. This completes the proof 



CHAPTER IX 


EXISTENCE OF FUNCTIONS OF ZERO TYPE BOUNDED ON A 
SEQUENCE OF POINTS 

29. Statement of the existence theorems. In this chapter we shall prove 
that the condition 

(29.01) f log log M(x) dx 

Jo 

in Theorems XLIII and XLV is a best possible condition. We shall also give 
examples of entire functions of zero type, not constants, which are bounded on 
sequences {±A„} of density D > 0, and with \ n+1 - X n ^ d > 0. 

Theorem XLVII. Let M(x) be an even function of x decreasing for 'positive x 
and M(x) —> <x> as x -» 0. Let 

be positive and let 
(29.02) 

Let there exist some number p > 4 such that 
(29.03) fx(px) < Mz). 

Then there exists a sequence of functions { H n (z )}, (n > 0), analytic for \ y\ g a 
for some a > 0 such that 

(29.04) I H n (x + iy) | S M(x), | y | £ a, 

and 

(29.05) lim sup max | H n (u) | = 

l<i 

Thus for the wide class of M(x) satisfying (29.03), the condition (29.01) is 
necessary as well as sufficient in Theorem XLIII. 

Theorem XLVII is proved by means of the following theorem which proves 
that Theorem XLV is best possible. 

Theorem XLVIII. Let M(x) satisfy the requirements of Theorem XLVII. 
Then there exists a sequence {A n } of density D > 0 and with A n+ i - A n d > 0 
and an entire function of zero type G(z) ) not a constant, such that 

(29.06) G(±\ n ) = 0(1); 

and if 


v(x) = log log M(x) 


f 

Jo 


u(x) dx = oo. 
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then 

(29.07) 


00 “ X nUI 

?rwT 


g Mix). 


Here as in the previous case, for the large class of M{x) satisfying (29.03), 
(29.01) is necessary and sufficient for Theorem XLY. 

A corollary of Theorem XLVIII is that there exist functions of zero type, 
not constants, bounded on a sequence j ±X„) with D > 0 and X n+ i - X„ g d > 0. 
We shall first use Theorem XLVIII to prove Theorem XLVII. 

Proof of Theorem XLVII. Since G(z) is not a constant, the sequence of 
functions 


(29.08) ^ 

defined as in (26.29) cannot be uniformly bounded. For, if they were it would 
follow, just as in the proof of Theorem XLV, (26.32), that 

| H s {u) | g const. e -(1/8X,l “ l , 

and from this that G(z) is a constant. But H w (u) is uniformly bounded away 
from zero. For, as in (26.30) (using the Dirichlet series for H a-( it)), 

| HAu + iv) I ^ M(u), 

for | v | go for some o > 0. Since M(u) is bounded away from zero, H K (u) 
is uniformly bounded away from zero. Thus around zero the sequence of 
functions cannot be bounded. That is, 

lim sup max | H K (u) | = °°, 

jv-*oo 

which is the conclusion of Theorem XLVII. 

The remainder of the chapter is devoted to the proof of Theorem XLVIII 
for which we require several lemmas. 

Lemma 29.1. Let 4>(u) be a 'positive increasing , three times differentiable func¬ 
tion of u with 4> r (u) decreasing. As u —+ « } let 

(29.09) *(w) > u, a> 0, 

(29.10) lim inf ^^>0, 

4>'(u)<l>(u) = 0 ( 1 ), 

+"(«) = o{(<f>'(u)) s ),^'"(u) > o. 


(29.11) 

(29.12) 
Moreover let 
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(29.13) 


[ (*'(«))• 


du - 


Then there exists an entire function G(z) of zero type and a 8 > 0 such that 
(29.14) | G{x ) | g 1, e* w (l - i*'(n)) g | x | £ e* (n) (l + W(n)), 

To see the significance of this lemma let us take 

cj>(u) — u ]1/2 

which satisfies the requirements of the lemma. In this case G(x ) is bounded for 

i)si'l a «"( I + i)- 

If we take jX n } to be the positive integers which lie in these intervals, it is clear 
that, if A(u) is the number X n < u, 


(29.15) 


A(u) = X 


25e n 


l<n<log*u n 11 


+ 0 (\iu)- 


Since e tll */t 112 is an increasing function for t > 1 


i 


Oogu)*-1 


2 8e n 


41/2 ^ ^ X , 

t * i<n<iog 2 « n l 


pm /*(logu)*+i 


1/2 


l 


2Se 

t m 


■ dt. 


Or 


Since 


4 S{ 


logu(l—l/log*u) 1/J 


e} < 


25e n 


i< t» < iog 2 u n} 


<C 45 e lo « u(1+1 / lo * Su ) 1/I 




log u (Irtl/log* _ 1 og u ^0(1/log: ti) 

c —- 6 6 


Thus 


25e n 


l<n<log 2 u n l 


= m + 


Ks-J- 


Using this in (29.15) 


A (u) — 4 8u 4- 0 


(jlV 

\log «/ 


This can be written as 
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In the notation of Theorem XLIV since X„ are integers, (29.16) gives 


0(u) 


const, 
log u 


t(u) = 1. 


Similarly by considering 

<t>(u) = y m log u, <f>(u) = u n log u log log u, etc. 


we can get 

$(u) = const./log u log log u, t(u) = 1, 

6(u) = const./log u log log u log log log u, t(u) = 1 , etc. 

By Lemma 29.1 the conclusion of Theorem XLIV cannot hold for these d(u). 
Thus in the basic criterion, (26.07), of Theorem XLIV, with t(u) = I, 


/ 


”e(u) 


log 


d(iu) 


du < 


at most the term log 1/0(4 u) is superfluous in the basic criterion of this theorem. 
We can put Lemma 29.1 with (29.16) and its generalizations into a theorem. 

Theorem XIJX. 're exist sequences of integers {X n j satisfying 

| n - D\ n | — 0(| X„ |0(X n )), |»|-+ oo, 

where 0(X„) = (log X n ) _1 or 0(X n ) = (log X n log log Xn)” 1 , etc., and functions G(z) 
of zero type not constants such that 

G(±\n) = 0(1). 


It is easy to put Q{u) in a far more general form than that given in Theorem 
XLIX without modifying Lemma 29.1. It is also possible by modifying Lemma 
29.1 slightly to introduce the spacing function t(u) and thereby to show that the 
basic condition of Theorem XLIV cannot be improved beyond 


/; 


du < 

u 


oo. 


30. Lemmas. In the remainder of this chapter we shall use Ci, Ci , • • • for 
positive constants that are fixed for a given 4>(u). We require a series of lemmas. 

Lemma 30.1. Let <j>(u) satisfy the requirements of Lemma 29.1. Let m{u) be 
its inverse function and let 


(30.01) 

Let 


«(«)= r wM? 

‘' 1/2 


du. 


A(u) = 


<x(u) 


(30.02) 
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Then 


(30.03) 

lim a (it) = oo, 

u—*oo 

and, as u —> «, 


(30.04) 

A'{u) ~ <t>'(u)A{u), A"(u ) > 0, 

(30.05) 

A {*'(u)A(u)} > 0, 

(30.06) 

A {*'(u)A(«)«-* w } < 0, 

(30.07) 

*'(2u) > Ci*'(u), 

(30.08) 

m(§«) > Ctm(u), 

(30.09) 

o(Jm) > ia(u), 

and 


(30.10) 

A(k) > e (W( “’ 

Proof of Lemma 30.1. From (29.13) and (30.01), (30.03) : 
Differentiating 


log A («) = <j>(u) + log - log a{u) 

gives 


(30.11) 

A'(«) ,,, A , +"(«) (*'(«)) 2 

A(u) 0 W + +'(«) «(«) ’ 


and again differentiating 

A"(u)A(u) - (A'(w)) 2 

(30.12) 


A 2 (w) 


= *"(«) + 


*W"(«) - W'Mf 

(*'(«))* 

2<t>'(u)<j>"(u) 


a(u) 


4 


Obviously 


A"(w) _ A"A(«) - (A'(w)) 2 , (A'(u)Y 

\A(u)J- 


A(«) A 2 (n) 

Using (30.11) and (30.12) in the above, 




(*'(u)) 4 
a\u) ' 
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Using a(u) —► oo = 0(\),<t>"(u) = omu)f\, and <f> ,f, (u) > 0 in (30.11) 
and (30.13) gives (30.04). We also have 

A j*'(tt)i(,,)| = <t>'(u)A’(u) + A(u)<t>"{u) 
du 

= i(»){*'Mg + f(u)}. 

Using (30.11) this becomes 

«-{<!>'(u)A(u)} = A(u)|(^(w)) 2 + 2 4"(m) - 

and from the behavior of a, and <f>" as u —> °o (30.05) follows. (30.06) is 
proved in the same way. 

By (29.10) there exists an e > 0 such that for large u 

(30 - 14) m > *■ 

Clearly 

r «/2 

<t>(u) £ / <f>'(y) dy. 

Jo 

Since <f>{y ) is decreasing, it follows that 

*(«) > i^'(iw). 

With (30.14) this gives 

~ #'(u) > \v4\ M. 

This gives (30.07) with Ci = e. 

Next if v = 0(m) then u = wt(v). Thus (30.14) becomes 

(3o.i5) nW > 2e 

wn (u) 

But 


m(v) = m(( 1 - e)i>) + f m'(y) dy. 

J (1—«)r 

Since m'(v) is the reciprocal of </>'(u), w'(v) is an increasing function. Thus 
m(x) ^ m((l - €)y) + €vm'(v). 

But by (30.15) this gives m(v) g m(( 1 - e)v) -f \m{v). Or 
\m{v) S m(( 1 - e)i>). 

Iterating this we obtain (30.08). 
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Since $'(x) is positive and decreasing, 

ru /•v/2+1/2 

a(u) = I dy £2 (<i>'(y)) 2 iy u > 2, 

*1/2 Ji/i 1 

which gives (30.09). 

Finally 

a(u) = [ (<f>'(y)) 2 dy < $'(1) f <t>'(y) dy 

Thus 


Using (30.14) this becomes 


-4(u) 

u 

From (29.09), (30.10) now follows. This completes the proof of the lemma. 
Lemma 30.2. Let N be a positive integer and let 

(30.16) B(u) = log 11 - | 

where 

(30.17) \y\ <W(N + 1) <W(N). 

Then 

(30.18) £ A(n)B(n) = ±A{N - 1 )B(N - 1) + j" ' A(u)B(u)du + 0(4(AO), 
and 

(30.19) £ A(n)B(n) = \A{N + 1 )B(N + D + [ A(u)B(u) du + 0(4(A0). 

N+l Jn+1 

Proof of Lemma 30.2. Let 

(30.20) P(u) = [u] - u + J, 


where [u] is the largest integer not exceeding u. Then by the Euler summation 
formula 


A(n)B(n) = 

(30.21) 


A{u)B{u) du — 


f P(u) -^~{A(u)B(u)} du. 


Clearly from the periodicity of P{u ), for any a and b 
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(30.22) j P{u)du 

Let T(u) be a differentiable function. Then integrating by parts 
j“~' P(u)T(u) du = T(N - 1) J” * P(u) du - ^ T'(u) du ^ P(v) dv. 

By (30.22) this becomes 

V-l 

( u)T(u ) du T'(u) | du, 


or 

(30.23) | j" 1 P(u)T(u)du j" ‘ 

We now consider 


nu)\du + l\T(l)\. 


(30.24) £ {.4(u)5(u)J = 4'(«)#(«) + A(u)B'(u). 

du 

By (30.16) 

A(u)B'(u) = A(w) 

Or 


By (30.05), ;4 (u)<£'(w) is an increasing function of u for large u and the other 
term in the above expression for A(u)B'(u) is obviously increasing for 1 g u £ 
AT — 1. Thus A(u)B'(u ) is a negative decreasing function for C 3 < u < N — 1, 
and therefore 


1 


N-l 


du — 

'1 du 

d_ 
du 



Thus by (30.23) with T(u) = A(u)B'(u), 
(30.25) J P{u)A{u)B'{u) du 
But 


J5'(W - 1) = -2*'(W - 1) 
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Since is decreasing and | y | < |tf>'(jV), 
(30.26) y + <j>(N) — < 

Thus 

| B'(N - 1) | £ W - 1) < 

But by (30.07), <fr'(N - 1) < C.*'(tf). Thus 


Since ^(iV) is a positive decreasing function, B'{N - 1) is bounded and (30.25) 
becomes 

(30.27) f * P(u)A(u)B'(u) du = 0(A(N - 1)) = 0(A(N)). 

The other term in (30.24), A'(u)B(u) has as its derivative 

A"(u) log 1 1 - | + A /( w ) : ^ ^ 

Since A ,; (u) > 0 for large u, and since the logarithmic term above is steadily 
decreasing from 1 to iV — 1, taking extreme values in magnitude at 1 and N — 1 , 

| A"(u)B{u) | du | B(N - A"(u) du 

£ (| J5(l) | + | B(N — 1) |) (A'(N — 

But for large N, \ B( 1) | < 3 </>(N) and by (30.26) 

I B(N- 1)| Slog A 0 

Thus 

u) | du = log jj 


But A'(N) ~ <t>'(N)A(N) and <t>(N)<t>'(N) = 0(1). Thus 


l du = o(^A(N) |l + <I>'(N) log 


Since <I>'(N) is decreasing, it follows that 


(30.28) 


f" 1 1 A"(u)B(u) | du = 0(4(AO). 


For the other term in the derivative of A'(u)B(u) we have, since A'(u) is 
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positive and increasing for large u. 


i; 


\A'(u)B'(u)\du- 


i: 


A'(u ) 

2<t>'{u)e 


du 

du -j- C 9 


= —A'(N) log (< - l)ir + C 9 . 

Handling the logarithmic term at 1 and N - 1 and A f (N ) in exactly the same 
way as in obtaining (30.28) we have 

^ * \A'(u)B'(u)\du~- 


Combining this with (30.28), 

f" 1 ± {A'(w)B(u)} du = 0(A(N)). 
du 

Setting T(u) = A'(u)B(u) in (30.23) this gives 

/ w-: 

P(u)A'(u)B{u) du 

But B{1) = 0(4>(N)). Since 

A(N) > e 

for large N, (30.29) becomes 

(30.30) [* 1 P(u)A'(u)B{u) du = 0(A(N)). 


Using (30.27) and (30.30) in (30.21), we obtain 

‘ A(n)B(n) = A(u)B(u) du + 0(A(N)), 

completing one-half of the lemma. 

Again by the Euler summation formula, 


(30.31) 


; A(n)B(n) = § A(N + 1 )B(N + 1 ) + / A(u)B(u) du 

tf+i Jn+ 1 

— f P(u) ~ {A(u)B(u)j du. 
j n+i du 


As in (30.23) if T(u) is any differentiable function such that T(u) 


(30.32) 


f P(u)T(u) du 

J N+l 



0 as u 


00 1 
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Again we consider the two terms in 

A {A(u)B(u)| 

separately. A(u)B'(u ) is now best written in the form 
A(u)B'(u) = 2 <j>'(u)A(u)e~ mtl) 6 

But by (30.06) 0' (u)A(u)e~ 2 * (xt) is decreasing for large u. The term 

1 - 

for u ^ N + 1 is decreasing. Thus A(u)B'(u) is a decreasing function for 
u ^ N + 1 and therefore its derivative has one sign. Thus by (30.32), for 
large N 

P(u)A(u)B'(u) du -i r — 

>i du 

i). 

As in the results following (30.25), B'(N + 1) is bounded. Thus 

(30.33) f P(u)A(u)B'(u ) du = 0(A(N + 1)). 

Jn+1 

The derivative of the other part of (d/du) [A(u)B(u) j is 

(30.34) A \A’(u)B(u)} = A"{u)B(u) + A'{u)B'{u). 
du 

Integrating by parts A"(u)B(u) gives 

I P A"(u)B(u)du £ | A'(N + 1 )B(N C A'(u)B'(u) 

I Jn+i j n +i 

Since for large u, A"{u ) > 0, and B(u) < 0 for u > N + 1, 

[ | A /r (u)B(u) | du = I f A ,f (u)B(u) du 

*N+l I J iV-f-l 

Thus 

(30.35) f | A''(u)B(u) \duS\ A'(N + 1 )B(N + 1) | 

Jn+i 

But 




A'(u)B'(u, 


and much as in (30.26) y + 4>{N) — <f>(N + 1) < —%<t> r (N + 1). Thus 
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Also A'(N + 1) ~ 4>'{N + 1 )A(N + 1). Thus 

| A'(N + l)B(N + 1) | g 10A(N + 1W(N + D log ^ 10 - . 

Since <t>'(u ) is decreasing, this becomes for large N 

| A'(N + 1 )B(N + 1)| ^ C n A(N + 1). 

Thus (30.35) becomes for large N 

(30.36) f | A”(u)B(u) | du g C U A(N + 1) + f J A'(u)B'{u) \ du. 

The other term of (30.34) is handled in the following way. Since A'(u) 

du 


a(N 

Let x — “* Then 


log 

But0(fV+l)- 1). Thus 

+ l )) 2 . 

a(N + 1) 


Using this and (30.36) with (30.34) gives 

(30.37) [ - {A'(u)B(u )J du = 0(A(N + D). 

•>n du 


But since A'(y) ~ <, 
A{N + 1) = A(N) 





Since 
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Or 


A(N + 1) g A(N) +C n A( - N 

A(N). 


Thus for large N 

(30.38) A(N = A(N) 

Thus (30.37) becomes 

[ ~ \A'(u)B(u)} du = 0{A(N)). 

*n- du 

Using this in (30.32) with T(u) = A'(u)B(u), 


P(u)A'(u)B(u ) du = 0(A(N)). 


Combining this with (30.33) gives 

[ P(u) ~ {A(u)B(u )) du = 0(A(N) 
Jn+i du 


Using this in (30.31) completes the proof of the lemma. 
Proof of Lemma 29.1. Let 


^ ti4(n)]+l 


where A ( n ) is defined in (30.02) and [A (n)] is the largest integer not exceeding 
A{n). Then 


log | G(x) | = log 11 — 

Replacing [A(n)] + 1 by a smaller quantity when it is the coefficient of a loga¬ 
rithmic term that is negative and by a larger quantity when it is the coefficient 
of a positive term, 

log | G(x ) | ^ ( n ) log 11 — x 2 e~ % 


for x > 10. But 

log I x 2 e~ UM - 11 < 


log x 2 < 2 log x 
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But 4>(n) > n for large n. Thus 

i -o( £ 1) = Odog^x). 

n°<log x 

Combining the three inequalities above, 

log I G(x) 1 < £ AM log 11 - *V 2 * (n) I + C a log u “j 
Let 

(30.39) * = e* w+v , \y\ < + 1), 

where y is unrelated to $z. Recalling the definition of B(u), 

(30.40) log | G(x) | < fl) + Z'Wn)R(n) +^(N)log| 1 _ + 

\ i JV+l/ 

But by (30.39), 

(log x) i/o = ommy'i = o(e m> * m ) = oum- 

Using this, (30.18) and (30.19) in (30.40), 

log | G(x) | ^ A{N) log 11 - e 2v | + U(N - 1)B(N - 1) 

(30.41) xii/wx i)b{N + 1) 

n 

J N +1 ' 

We now consider 

J rN-l C N-l >(«) w/,.\ 

A(u)B(u) du m 1 “) - 1] du. 

l h ol{u) 

Since m{u) is the inverse function of 4>{u), if v = e* (u) , the equation (30.42) 
becomes 

«(m(logt>)) log t^ - U- 

Let v = xt. Then 

‘06(1-1 
106 (?" 

But for t > l/x m , by the mean value theorem 


(30.43) 


J A{u)B(u) du = 


= x 
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(30.44) 


a{m(loga; + log f)} a{m(logx)} 


/{w(log x + h log t) }m'(log x + h log t ). 


where 0 < h < 1. Since a' = (<p') 2 and m'(u) = l/<j>'(m(u)), (30.44) becomes 


rqn .e-) __ - ft log Q j | log 1 1 

V * a{m(log x + log f)} a{m(log 2 )} a 2 {m(\ogx + h\ogt)\ 

Since m(u) is monotone increasing and t > l/x 112 , 

m(log x + h log t) > m(log x — log x 112 ) ^ : log x). 

By (30.08), for large N this gives 

m(log x + h log t) ^ C 2 m(log x) = C 2 m(<t>(N) + y) 

- 1 )) 

= C 2 (N - 1) > 

Thus since a is increasing and <j> f decreasing (30.45) becomes 
(30.46) 1 1 1 

Using this in (30.43), 

I X WBM d “ - .(-(logs)) L: to ‘ (f - V * 


*(m(log s)) •li/swa 
'4>’{C\N)x 


(30.47) 


Making the transformation t = e* (u> /x and using (30.46) as above, 


(30.48) 


log (1 - -) dt 
e*ur+i)/x \ t V 


By iterating (30.07) and (30.09), 
¥{C\N) = 

Thus 


= 0(a(ClN)). 
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= 0 (#m\ m o( e ^f>) = ouofl). 

a^ClN) \ a 2 (N)) \ oc{N) ) 

By (30.10) 

x m = o(e Wi) * (N) ) = 0(A(N)). 

The two inequalities above used in (30.47) and (30.48) give 


(30.49) 


*(m(log x )) \Jo 


(30.50) g = 

Then since | y | < W(N)> 


(30.51) 

Similarly 

(30.52) h = = 1 - y+ *'(N ) + 0((<t>'(N)f). 

Since by (29.11) <t>'(N) -»0 as N -> », 

(30.53) \ < 9 < h < I 

for large A r . 

From 


1 l0g 


it follows that 


(f + D 


log 1 - J A = - l log 11 - l 


= — I log 1 1 — 11 dt ■ 


Using (30.53) this gives 


(30.54) 


^ J -j- J ^ log 1 — dt = — log 1 1 1 dt + 0(h — g) 


= -{h - 1) log |li - 1| 

+ (g - 1) log | g - 11 + OQi 


Using (30.51) and (30.52) this becomes 
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(j[ + l )log dt=— - y ) log | - y 

+ y) log | <t>\N) + y + O((0'W) S ) | 
+ 

- y) log (4,'(N) - y) 

~(4>'(N) + y) log (<t>'(N)+y) 

4>'{N) log 


Using this in (30.49), 


(30.55) 


-4>'(N)tegmN)y-y 2 

adlu.- x<t>'(N) ( 


Clearly 


V ^ 


1 ), 


- 1 ). 


Since log x = <t>(N) + y, 

- 1)) < m(log x) < m(<t>(N + 1)). 
Or since m and <t> are inverse functions, 

N — 1 < m(log x) < N + 1. 

Since a is increasing, this gives 

a(N - 1) < a(m(log x)) < a(N + 1). 


But 


| a{N ± 1) - a(N) | £ (<t>'(N-l)fZ 


From the last two results 

a(m(log x)) = a 


Thus 


1 _1 

a(m(log x)) w 


Also 
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Using the last two results in (30.55), 

(30.56) (f 1 + jQ A(u)B(u) du = -A(N) log (W)) 2 - t/ 2 ) + 0(A(N)). 
Thus (30.41) becomes 

log I G(x ) I £ A(N ) log 11 - e 2 * | + iA(N — 1) log [ 1 — 

(30.57) +}A(JV+l)log|l- 

- .4 (A 7 ) log {(<£'( 

By (30.04), since A'(u) is increasing for large u, 
and from this 

A(N + 1) = A(N)( 1 + 0(tf>'(tf))). 

Using (30.51) and (30.52), 

log 11 - x*e~ m) I = log I 24>'(N) + 2 y 

= log + y)+ 0(1). 

Using these results in (30.57) 

log | G(x) | S A(N) (log 11 - e 2 " | + i log (<t>'(N) + y) 

-y) -\o 


Take 5 sufficiently small so that if 

\y\ 

then \ y\ < + 1), as is possible by (29.12). Then the above two in¬ 

equalities give 

log | G(x) | g 
But this implies that for some 5 > 0 
\G(x)\£1, 

as n —> co. This gives (29.14) since G(x) is even. 

To complete the proof of the lemma it remains to prove that G(z) is of zero 
type. Clearly if r = \z\, 
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log i 

Since A 1 {u) > 0 for large u there exists some integer n \, such that A(u) is 
increasing for n > wi. Also since <t>'(u) is bounded, there exists a Cm such that 

2*(n) 

Thus for larger r, 

m 

log I C(z) I g 2 lo S («) log 


Let v = e* {u) and let a{u) = &(v). Since v increases with u it follows that, 
like a(u), @(v) is monotone increasing and P(v) —» » as v —> », Thus 


^ C 2 i log r + 



OJI2 n /•« 

= Cn log r + m log (1 + Citr) + ^ lo 

+ ^rrlog (1 + C J9 r 2 ) + j|f log ^1 + ^ )dr 

C a r 


Since /3(i>) —» oo as v —> °o it follows from the above inequality that 


This completes the proof of the lemma. 

31. Proof of the main theorem. We prove first a lemma. 

Lemma 31.1. Let {X n } be the sequence {e* (n) + k}, (| k | S 6e* <n V(n), 
0 < n < oo ) } where k and n are integers and <t>(u) and 8 are defined as in Lemma 

29.1. Let 

(31.01) 


Then 
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' 0g |WI 


where m(u) is the inverse function of 

Proof of Lemma 31.1. From the definition of {X n |, to every X m there corre¬ 
sponds an N such that 


I X„ - | ^ 


Thus from (31.01) 


(31.03) 


log I F'(\ m ) = ( 53 + £ ) 53 

\n=l JV+1/ 




log 1 - 


where the prime on the last summation sign denotes omission of the term 
e* m +k = \ m . 

Clearly for n < N, 


1M = log 


V(><»> + *)* 

Xi - 4 


*<»> _ i(.« 


rc, - 1; - log ~ 


(31.04) 


. . x; 

§ log - 


•(»> 7.2\2 


Clearly 

X m ^ e* w (l - S 

For small x > 0, 1 - x > e~ 21 . Therefore for large N, 

Am v 

Since is decreasing, 

«(JV) - 25<t>'(N) > <t>(N - 25) 

and therefore 

\ m > e* {N ~™. 

Thus for large n 


(31.05) 


X m — > e* -e* (n) = e* M <t>'(u)> 
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since e* M <t>'(u ) is an increasing function for large u. Using this (31.04) becomes 


h(k) > lo 


> log ^1 

> log ^1 


(N - 26 - n)V*‘»>(0'( n ))2(; 

2(X 2 m + e» M )k 2 

(N-2&- n) 2 e»‘”>(tf'(n)) 2 (; , + 

2 fc 2 \ 

(N- 25 - n) 2 e*<»>to'(n))7 


Since N > n and 6 is small, it follows that 


— 45 2 

(N — n — 2d) 2 * 


Thus for large n, 


(N-n- 2d) 2 * 


From this and the definition of I n (k) in (31.04), using [x] to represent the largest 
integer not exceeding x, 


if -1 / ^2 

S ^ \ (e* (n) + jfc ) 2 


Y (N — n — 2d) 2 

where C 2 3 compensates for those / n (A;) where n is small. It follows easily that 


(31.06) 


takes its extreme values for n = 1 and n = N — 1, 


max log 


X, 


i i „ 
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Using (31.05) this becomes 
max 

But X m < 2e* m for large m, and by (29.10), 1 /4>'(N) < N, for large N. 

max log -^ (n = 0(<j>(N) + log N) — 0(tf>(iV)), 

since for large N, log N < <t>(N) by (29.09). Thus (31.06) becomes 

A>I)V(ny tn) lo 

1 

By (29.09) and (29.10), N<j>(N) = 0{<t>'{N)e* w ). Thus for large N, 

N~1 

(31.07) 2 b<i>'(n)e* M log 

n=-l 

For n > N, it is easily shown that 

K)* + (e^ n > - 


Since k = o(e* U) ) for large n 


Since 

(31.08) - X m > (n - N + 2d)<j>'(N)e+ W > 0 

in much the same way as in (31.05), and since log (1 - x) > -2x for small 
x > 0, 

Uk) =? TWT 



[1X1 


Thus 
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Therefore 


(31.09) 


/»(*) Z 


-32Xi 

- XnY 

-32X "‘ , 8*(<t>'(n)Ye HM 


Since 4>'(u)e~* lu> is decreasing for large u 


+ 


By (31.08) 

e’ 1 "™ - X„ 

Thus (for large N) } 


Combining this result with (31.09) 


E E /.(*)£ 

n-JV+l '(»)«*<"> 

> — 10</>'(A0 e* (N+1) 

Recalling the definition of / n (fc), this implies 


-20 4 >\N)e* M 


(31.10) 


E 

n=JV+l 


£>.♦«■> l0S l 1 («*‘ n) 4 


log 


(- 


Combining (31.03), (31.07) and (31.10) 
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log | F'( 




e mn) 


(e+w + 


Clearly 

— : log (i - 

A'+l 

£ N log 
^ N log 



+ (1 - 


By (31.08), (29.10), and later (29.09) 


Since by (29.10), 4 /<f>'(u) < u for large u, 

(31.12) £ log (l - A) § -N log N - C* 2: -< 

where this last inequality also involves the use of (29.09), u < <j>{u). 

For large N, using without the range of summation indicated to cover 
the same range as £ in (31.11), we have 


^ log - A„ | - jy log (2e 

(w) log (2e* (m ). 

But as k varies over its range e* lm + k — \„ takes on integer values from — n\ 
to n 2 where 


(31.13) 

Thus 


ni + 71% = 
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1 - (g + g) log j - + 1) 

^ log udu 

g m log rii + n 2 log n 2 - 7h - n 2 - ^'(AO^CAOe** 0 - 2ty>'(i\0e* (Ar) 
^ n i log n x + n 2 log n 2 - 25<£'(lV r )tf>CNV ( * ) - 45<#>'(AT)^ (Ar) . 

For fixed N, ni + n 2 is fixed. By differentiating 

x log x + (c - x ) log (c ~ z), lgigc - 1, 

it follows easily that it takes its least value for a; = 1. Thus using (31.13), 
fli log * + n 2 log n, ^ (2 W(N)e+ iIf) - 2) log (2 8<t>'(N)e* (N) - 2). 
Therefore for large N 

1 - +k y = 2 6<t>'(N)e* M log (2 W(N)e* (m - 2) 

- 2&<t>'(.N)<f,(N)e* m - 6 
a 25<t>'(N)e* (N) (log <p'(N)e* iN) + log (25 - 2e~ * C *V(1V))} 

- 254>'(N)<f>(N)e* m - 6 

£ 2H’(N)e Mm log 4>'{N) - 
Using this and (31.12), (31.11) becomes 

, s log | F'(x m ) I ^ 25(li + z) <j>'{n)e* M log 1 - 

(31.14) V i W 

25 <t>'{N)e* M log - C^'- 

By the same proof as used in obtaining Lemma 30.2, in somewhat simpler 
form since here a(u) = 1, it follows that 

1 - 1 - 

(31.15) log 

+ + fJ + J *W M 1 - x ” 

If the right side of (31.15) is handled by the same method used in the proof of 
Lemma 29.1 with the very great simplification that here a(u ) is not involved, 

(31.15) becomes 
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(2 t Me* M log A log+W+0(*W (w ). 

\ 1 If-bl e 

Thus (31.14) becomes for large m , 

(31.16) log | F(X m ) | £ - 
since 

\\ m - 

The last result can be written as 
| e l °* x 

Thus as w -* oo 

log Xm - 4>(N) -> 0. 

Therefore for large m 

<t>(N) > £ log \ m . 

Or 

m(4>(N)) > m[£ log Xj, 

which, since m(u) is the inverse function of <f>(u), can be written as 

N > m[\ log XJ. 

Since <j> r {u) is decreasing, it follows from (31.16) that 

log | | > -2 C 8 i 4f{m{\ log X m )}X m . 

Using (30.08), 

log |F'(X m ) | > ~2Cn4>' {C 2 m(log X m )) X OT . 

Iterating (30.07), 

log I F'(\ n ) I > -CW/{m(log X m )}X m , 

which completes the proof of the lemma. 

Lemma 31.2. If M(x) satisfies the requirements of Theorem XLVII, then there 
exists a function satisfying the requirements of Lemma 29.1 and for small x 

(31.17) Z exp [X n <; ,)} - \ n x] < M(x ), x > 0, 

x»>io 

where m is the inverse function of 4>. 

Proof of Lemma 31.2. We shall deal mainly with n(x) = log log M(x ). Let 

-1\ i 
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Let the set of intervals in (0, 1) where n(x) > 1/x be denoted by E and let 
the complementary part of (0, 1) be denoted by C(E). If 

f m {x)dx 

then 

(31.18) 

Since 

it follows from (31.18) that 

(31.19) 

Also from (31.18) 

(31.20) 

Since E is composed of intervals, these can be arranged in order of decreasing 
length and denoted by (a» , & n ), (n > 0). Then (31.19) gives 

(31.21) 2 [ n(x)dx = oo. 

n-l J a n 

But ju(a„) ^ l/a n otherwise a n could not be the end-point of an interval of E. 
Since h( x ) is decreasing, it follows that 

By (31.21) this becomes 

(31.22) £(^_i) =00 . 

] 

On the other hand (31.20) gives 

(31.23) 2>g- ^ £ r~ <«. 

Gn ^ Ja n X 

But (31.22) and (31.23) are contradictory. Thus 

m(x)dx = oo. 
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Again since m(x) is never larger then n(x), it follows that if x is in C(E ), 
,(x) g ju (px) implies %pi(x) > m(px). If x is in E , then mi(z) = l/x and 
g 1 /(px). Since p > 2, J/xiM > Mi(pz)- Thus 


and in addition satisfies the requirements of i(x ). 
Let 


Then ^(x) < m(x) and is differentiable. Differentiating, it follows easily that 
mix) is decreasing. Using m(y) < § 


That is, 



Then /x 3 ( x) bears the same relation to ^(x) as ^(x) does to pi'r). Thus 
is decreasing and is twice differentiable. Also 


(31.24) 

w (x) < l/x, 

m(x) < n(x), 


n) < y 3 (x), 

/ iis(x)dx = 
Jo 

Clearly 


K fxp^ 

X / My) dy 


£ 

IIA 



where K 

is so chosen that 



xp K < p. 


Thus 
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31: 


r 


K 

Z 


By (31.24) 
Thus 


V ') = x(p - 

Wp*») > • • 


/‘ 


But p K < p/x and p > 4. Thus 


J nt(y)dy < (p- l)nz(x)2 K p. 


But p K ^ l/x and theref ore 


_ K log 2/log j> 


v log 2/logp 


2 = P 


Thus 


J x M dy g p(p - l)a 


Letting a; 0 and setting b = log 2/log p, 

(31.25) lim 

x-*0 

Let 


Then by (31.24), for x < 1, 

(31.26) m(x) < 

x 

and by (31,24) and (31.25) for small x 

Also 

(31.27) -*(*) > 
Let 


Let <j>'(x) be the inverse function of $(&). Let 
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Then setting <*>'( u) = x and <t>'(y) = z, y = Hz), 


<j>(u)<t>'(u) = | 4>\y) dy = -X J* 


Since iu(x) < l/x it follows that 

*(«)♦'(*) = 0 ( 1 ), 

Next consider <p"(u). Using <j>'(u) = x, u = 1 

Thus 

(31.28) lim sup = lim sup ~ 

But by (31.27) 

(31.29) 

Thus (31.28) gives 

Also 

(31.30) 

But 


Since ^ is negative, 


z dx hx y x 2 

That is, $"(:r) > 0. But $'(a;) < 0. Thus (31.30) gives 

4>"'(u) > 0 . 

We next consider 


00 , 


U —> oo . 
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[31] 


JL_ 

4 p* 


(0) 

z$ r {z) dz 


2x 


By (31.26), m(y) < iiu(y/p). Thus the above inequality becomes 


2 

4p 


Thus for large u, 


4>{u) 2 p' 

Since 4 / (w) is positive and decreasing, 


Thus 

lim inf vT a $(u) ^ lim inf = lim inf; 


Using (31.27) this becomes 


lim inf u a <t>{u) ^ lim inf 

u-»oo x~*Q 
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For sufficiently small a it follows that 

lim inf u~ a <f)(u) = <». 


Finally setting (j>'{y) = z, 

/v< 



Thus by (31.26) it follows that 


— 00 , 

Thus <f>(u) as defined here satisfies all the requirements of Lemma 29.1. 

We now turn to (31.17). Clearly if <j>'{m(\og 10)} = c 

(31.31) X + X e~ M/2 . 

X n >10 

But <j>'[m (log X n )} ^ \x is equivalent to m(log X n ) g Since m(u) is 

the inverse function of (f>{u ), this is equivalent to log X n S 4>($(%x)) or 

(31.32) X n g e *w* m \ 

But 


Setting 4>'(y) = 2, 

f<U(0) r4>'(0) 

<l>($(ix)) - - I 2 ^'(z) dz - - m<( 2 z) 

J / 2 J /2 




Thus for small values of (31.32) becomes 

X n < e (3/4Wa 

and therefore (31,31) becomes for small x 

(31.33) X e K * >l ” 

X„>10 


Clearly for small 
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i: =oQ. 

Also the number of X n ^ i s 0 f the orc i er 0 f e (3/4)#1 * (l) . Thus (31.33) 

becomes 

2 € x ^'{«<io«^)}-Xnx ^ c&e {3/ * ),i4(x) e c * 1Z/ * )m * (x) ^ 

X„>10 “ 

for small x. But m(x) ^ Thus the proof of the lemma is completed. 

Proof of Theorem XLVIII. This is an immediate consequence of Lemmas 
29.1, 31.1, and 31.2 once we prove that {X«} as defined in Lemma 31.1 has 
density D > 0. If A (u) is the number of X n < u, clearly from Lemma 31.1, 

A(tt) = £ 2d<t>'(n)e* M + 0(u*'[m(log «)]) 

« ^ m(loc «) 

where m(u) is the inverse function of <t>(u). 

From this 

/.m(lo* u) 

A (u) =2 8 <f> / (y)e* (v) dy + 0(^'[m(log u)]) 

J o 

= 2 8u -f 0(v4>'[m(\og ti)]). 

Since 4>\u) — o(l), 

lim ^ = 25 = D > 0. 

u-wo U 



CHAPTER X 

THE GENERAL HIGHER INDICES THEOREM 1 

32. Introduction. The following Tauberian theorem is due to Hardy and 
Littlewood. 2 

Let {/it} be a sequence of increasing positive numbers such that 


k = 1 , 2 ,..., 

w 

let 


,a k e 


converge for x > 0, and let 


lim f(x) = s. 


Then 


This theorem differs from the usual Tauberian theorem in that there is no 
restriction on the size of the coefficients a k . The proof of this theorem that is 
of most interest to us here is due to Wiener. 3 This proof is based on the use of 
biorthogonal functions which will be used here. 

This theorem of Hardy and Littlewood, the higher indices theorem, can be 
stated in different form. If we set log p k = X* and assume that p. t > 1, then 
the higher indices theorem becomes: 

Let (Xfcj be a sequence of increasing positive numbers such that 

- X* ^ L > 0, k = 1, 2, 

Let 

(32.01) e~ tV e v dy = f{x) 

i 

converge for any x < co. If 

1 Cf. Levinson, General gap Tauberian theorems, Proceedings of the London Mathematical 
Society, (2), vol. 44 (1938), p. 289. 

a Hardy and Littlewood, Abel's theorem and its converse (II), Proceedings of the London 
Mathematical Society, (2), vol. 22 (1924), p. 254. 

3 N. Wiener, A Tauberian gap theorem of Hardy and Littlewood, Journal of the Chinese 
Mathematical Society, vol. 1 (1936), p. 15. 
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[ 32 ; 


then 


lim f(x) = s, 


We shall generalize this result of Hardy and Littlewood by considering 
/(*) = K(y) dy 

in place of (32.01) for a wide class 4 of K(x). In case the a n are suitably restricted 
in size, Wiener showed that the only necessary restriction on K{x) for a Tau- 
berian theorem is that its Fourier transform should not vanish at any point. 
That this condition is not sufficient for a higher indices theorem where the a n 
are unrestricted we shall prove in the following theorem. 

Theorem L. If X„ = n and 

/ n\n n */2 

(32.02) 
then 
(32.03) 
exists, but 
(32.04) 

does not converge. 

This theorem shows that K(x ) = e -l2/2 , even though its Fourier transform 
e~ u * 12 does not vanish at any point, cannot be included in the class of K(x) for 
which 

00 poo 

lim 2 a„ / K(y) dy = s, X„ + i - X„ S L > 0, 

x-*ao 1 JXn—x 

implies 


lim 

I —*00 


00 poo 

E a» / 

n»l 


Ao, = 


Proof of Theorem L. Since 


e 


-e~v 



4 In the case of ordinary Tauberian theorems, that is, where the'a* are restricted in 
magnitude, this generalization was made by Wiener. See, for example, A new method in 
Tauberian theorems , Journal of Mathematics and Physics, vol. 7 (1928), p. 161. 
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we obtain 


e 


^12-e-v 


»**• 0 


Thus 


l: 


n\ 


n™=0 



dy 


Let 


e 


Then 


lim 


7i a /2 /•<*> 


/ 

J n~x 


-**/2 


dy 


s. 


This proves (32.03). Since as n 


it follows that (33.04) cannot converge. This completes the proof. 

Thus for K(x) = e“ xl/2 with Fourier transform k(u) = e~ u%,i the higher 
indices theorem is not true, but for K(x) = with Fourier transform 

F(i — iu) it is true. Therefore a general higher indices theorem will be suffi¬ 
ciently restrictive to distinguish between these two K(x). 

In what follows we shall assume that 

I K(x) dx = 1. 

The basic result of this chapter is : 

Theorem LI. Let 

(32.05) K(y) dy - f(x) 

\ n ~* 

converge uniformly for all x g X for any X. Let 
(32.06) \ n+1 - X n £ L > 0, 

Let K(x) eL(— oo, oo ). Its Fourier transform is 


n 1. 
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1 

Let k(u + iv) be an analytic function of w = u + iv, in the half-plane v > 0 and 
continuous for v ^ 0, and let k'(u) exist. Let c = 2t/L and let A be a positive 
constant. Suppose that £ is a real variable. Let 


(32.07) 

( U -f* , f( u ) 

max e 

(32.08) 

k(w + J 
max -> T , 

\i\& 

(32.09) 

k(u) 

where 6(u) is a positive even function of u, monotone increasing for u > 0 , and 

(32.10) 


1 1 u 2 

Then 


( 32 . 11 ) 

lim sup | a n | ^ C 0 lim sup j }(x) 


Co is a constant depending only on K(x) and L. 

This theorem reduces the higher indices to the level of an ordinary Tauberian 
theorem. Using Wiener’s general Tauberian theorem, a corollary of Theorem 
LI is that if 

(32.12) lim f(x) - s, 

X-+OC 

then 

(32.13) Ea» = ». 

I 

Here we shall prove a more restricted corollary. 

Theorem LII. Let the hypothesis of Theorem LI be satisfied. In addition let 
xK(x) eL(— oo, 00 ). Then (32.12) implies (32.13). 

The statement of Theorem LII includes the Hardy-Littlewood higher indices 
theorem since 


k(w) — 




by well-known theorems satisfies (32.07), (32.08) and (32.09). 

Let us now see what excludes K(x) = e~ xi!2 /(2r) 112 . Here k(w) — 


1/2 
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and clearly (32.08) and (32.09) are satisfied. As regards (32.07), for large u 


and therefore here 9(u) = | u |. Thus (32.07) is not satisfied and it is this that 
excludes e“ xt/2 /(2*-) 1/2 . This shows at once that requirement (32.07) is essential 
Once (32.07) is assumed, (32.08) is implied by what are apparently much weaker 
restrictions, but this is of little interest since for the usual K(x), (32.07) will 
assure (32.08) anyway. As for (32.09), it is no restriction at all for the usual 
K(x). Under very general conditions (32.07) will in fact assure the much more 
stringent 

I VM 

k(u) 

Thus (32.07) is the basic criterion for Theorems LI and LII. 

Clearly (32.09) implies that k(w) ^ 0 in the half-plane, v ^ 0. It can be shown 
that in fact k(w ) can have a finite number of zeros in the half-plane v ^ 0, so 
long as k{u) & 0, (| u | £ r/L), by varying the proof given here for the case 
where there are no zeros. 

An alternative statement of Theorem LII is 

Theorem LIII. Let {/*«} he an increasing sequence such that 

^e L } L> 0. 

Let 

=/(*) 

converge uniformly for x ^ x 0 for any x 0 > 0. Let N'(x) e L( 0, <*>) and N'(x) 

• log x € L( 0, oo). Let 


Ifk(u + iv) satisfies (32.07), (32.08) and (32.09), then 

lim/(aO = s 
*-*+o 

implies that 

£ a k = s/N{ 0). 

i 

A particular case of this theorem is N(x) = xe~ x /(l - e" 1 ), for which 

fc(u) = ~ 2 r(l - m)r(l - iu). 

That k(w) satisfies (32.07), (32.08), and (32.09) follows from well-known 



[ 33 ] REDUCTION TO LEMMA ON BIORTHOGONAL FUNCTIONS 


191 


theorems on the gamma and zeta functions. A series 


is known as a Lambert series. Thus a corollary of Theorem LIII is that the 
higher indices theorem holds for Lambert series . This result was unknown before 
the proof of Theorem LII in 1937. In fact the Hardy-Littlewood higher indices 
theorem remained an essentially isolated theorem until the theorem for K(x) 
was proved. 

We shall also prove the following result. 

Theorem LIV. 8 Lei the hypothesis of Theorem LI be satisfied. In addition 
letxK{x)eL {— oo, oo). Then 

(32.14) lim inf {f(x) — $} = — G, lim sup {f(x) — $} = ft 
implies that 

(32.15) lim sup 

where Ci is an absolute constant depending only on L and K(x). In particular , 
if X n +i — A n —► 00 then Ci = 1. 

33. Reduction to a lemma on biorthogonal functions. The proof of Theorem 
LI can be at once reduced to the proof of the following lemma. C 2 , Cs, • • • 
denote positive constants depending only on L and K(x). 


Lemma 33.1. If the hypothesis of Theorem LI is satisfied, there exists a sequence 
of functions { R n (x, B)\, (n ^ 1), such that 


(33.01) 

f | R„(x, B) \ ix < Ci, 

J- 00 

(33.02) 

Rn(x, B) = 0, 

(33.03) 

^ 

SL 

to 

IIV 

1—l 

(33.04) 

f R n ( x, B)dx f — 0, k 7 ** ft, 

J— oo •'A *—x 

(33.05) 

lim f~R n (x, B)dx f K(y)dy = 1. 

Before proving 

the lemma we shall use it to obtain Theorem LI. 

6 For K(x) = e~ e *e x this theorem was proved by Ingham, On the higher indices theorem of 
Hardy and Litilewood , Quarterly Journal of Mathematics, vol. 8 (1937), p. L 
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Proof of Theorem LI. Clearly 

00 *00 00 /*00 

f R n (x, B)f(x)dx = [ Rn(x,B)dxZaJ K(y)dy. 

Since U„(i, £) = 0 for x > C 8 B and since the series on the right converges uni¬ 
formly for x < C3B, integration and summation can be inverted to give 

r Rn(x, B)f(x) dx=T,a k f Rn(x, B ) dx f K(y ) dy. 

JL« £-1 

By the orthogonality property, (33.04), this becomes 

(33.06) On f Rn(x,B)dxf K{y)dy = f R n {x, B)f(x) dx. 

J-00 JRn—X 

By (33.01) and (33.03) 

-00 I 

J R„(x, B)f(x) dx £ max \f(x) | | B)! dx 

max 

max |/(i) | + Cj max |/(i) |. 

A, ‘St,/! 

Thus (33.06) becomes 

r°° r (7 

o„ / ie„(2, B) dx / £(«/) dy £ — max |/(i) | + Cj max 

J-00 ■'X*-* X n 

By (33.05), letting £ —> », this becomes 

| a„ | g ^ max | /(s) | + C 2 max | /(*) |. 

From this (32.11) follows at once, showing that Theorem LI is an immediate 
consequence of Lemma 33.1. 

Theorem LII can now easily be proved by an argument like that originally 
used by Tauber. 

Proof of Theorem LII. There is obviously no restriction in assuming that 
5 = 0; that is, 

lim f(x) = 0. 

By (32.11) it follows that 

(33.07) lim a n = 0. 


Let us now take 



REDUCTION TO LEMMA ON BIORTHOGONAL FUNCTIONS 


193 


[33 1 


Vn — |(X n + X n +l). 


Then 


This can be written as 


2>* / K(y) dy + Z a„ P K(y)dy = /(,.„). 

1 J ^k~ n+1 *'X*—* n 


(33.08) " tf(y) % + Z a* P if(y)dy = /(„„)■ 

1 1 X-oo »+l *'Xfc-» n 


Clearly 


* /•Xjfc-F, I 

ZaJ K(y)dy\ 

1 X-oo J 

/•Xfc— >> n n -Xjfc—>>n 

S E 1*1 / l*(»)|<fo + £ |<4|/ |JT(y>|<2 V 

1 X-oo [n/2]+l X-«o 

[«/21 i>-(n-k)L n -~(n+l/2-Jfc)Z, 

^ max | a* | £ / | i£(y) | dy + max | a k | £ / I K(y) I % 

fc-l k^n/2 [n/2] J -« 

/ — nL/2 co —(l/2+j)L 

I -K(y) | dy + max | a* | £ / | X(y) | dy 

oo kS:n/2 j—0 •/—oo 

/ “«U2 oo --(1/2+y)i 

I ^(y) I dy + max | a* | £ 0* + 1) / | iC(y) | dy 

oo fc^n/2 ;-0 X-(3/2+/)Z, 

O i.-nL/2 9 oo --(1/2+/) Z, 

s max | at + / | yJC(y) | dy + max | * | y £ / I ?/A(y) I dy. 

L X_oo n/2 L /-0 X— (3/2+/)L 


From this it follows at once that 

/* x*—r n 


(33.09) 


Also 


jj r n I 

Eo* 2t(y)iy 

1 X—oo I 

Z -nL/2 2 /•-■t/2 

| yiC(y) | dy + max \a k \j / 1yJT(y) | dy. 

00 k^nf 2 J-V J—go 


^ max I a* I 


I £ a k f K(y) dy I S max | a k | £ f | K(y) | dy 

I n+l *^Xjfc—r n I fc>n /=*0 X(i/2+/)Z, 

oo <• (3/2+y) i. 

(33.10) ^ max | a k | £ (j + 1) / | K(y) \ dy 

k>n j-0 J<lV2+f)L 

S max | a* | ~ f | yK(y) \ dy. 

k> n Li JlI 2 


From (33.08), (33.09), and (33.10) it follows that 



194 


(33.11) 


GENERA!, HIGHER INDICES THEOREM 

rt i o p~ nL i 2 

X - fM [ ^ max I a k I ^ J ^ I yK(y) | dy 


tX] 


+ max|a*|f f | yK{y) | dy. 

Jfcgn/2 Lt J~oo 


By (33.07) and the integrability of yK{y) it follows that 

* X a k = lim fM = s. 

1 n -»oo 

This completes the proof of Theorem LII. 

Proof of Theorem LIV. There is no restriction in assuming that s = 0 since, 
for example, can be replaced by a x - s. Thus (32.14) becomes 

(33.12) lim inf f{x) = — ft, lim sup/(x) = ft. 

*-»oo X-+00 

It follows from (32.11) that 

Used in (33.11) this gives 


lim sup | a„ | S Co ft- 


(33.13) 


lim fM ^ f | yK(y) | dy, 

fl—*00 1 i/ J—00 


from which (32.15) follows easily. 

We now consider the case in which X n +i — X n —> °o. For N > 0, let 

00 /• °o 

X) a* / K{y) dy = f N (x), L N = min (Xah-i — X*). 

AT+l J Xfc-x k> N 

Applying (33.13) to f N (x), 


lim sup £ a* - fsM ^ f I yK{y) [ dy. 

JUn J— 00 


n—*oo | JV+1 


But 


Thus 


lim 
»—*00 


fM — UM — X a* 


= 0. 


lim sup E<4- fM S [ | yK(y) | dy. 

rt— *00 I 1 j JUn J—oo 

Taking N sufficiently large we can make Ln arbitrarily large. Thus 


lim X - fM 


= 0. 


Therefore 
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lim sup 


X) a* - s S lim sup | /( v n ) — s | + lim £o t - /(»„) 


= a. 


This proves Ci = 1 when X n+ i — X n —> oo. 

34. Proof of the lemma. We now turn to the proof of Lemma 33.1. We 
will require several auxiliary results. The first of these is an interpolation 
result. 


Lemma 34.1. For every n > 0 there exists an H n (s ) eL(— qo, <»), such that 
(34.01) tf«(Xn) = 1; H n (\ k ) = 0, k ^ n, 

where {X n } are as in Theorem LI. If 

(34.02) « u) = £“ “ ds, 

then h n (u) — 0, \ u \ > c, and 


(34.03) h n {u) = ? „(M)e-“ x “, 

where 

(34.04) | g n (u) | < Cs , | ^(t*) | < C 6 . 


Proo/ 0 / Lemma 34.1. Throughout this proof n is some fixed positive integer. 
For — oo < k < oo let 


a k = i&L if | %kL — X m + X n | > \L for all m > 0, 
<x k = hkL if %kL — X m X n = JL for some m, 
crjb = X m — X n if — \L ^ £/cL — X m + X n < \L. 
This defines {cr*} uniquely and 


\<Tk - ikL\ <: }L. 

Also 

CTa+i — CTjfc ^ 

Moreover {cr*} includes jX m — X n } for all m ^ n. 
Let 


Then 


T(s) 

- L n 

1 — s/(Tk 

1 — s/a-k 

sin 27 ts/L 

2x|s| 1 

1 — 2 s/kL 

1 -h 2 s/kL 


Clearly 
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1 — s/<Tk 


1 — 2 s/JcL 


S 1 + 


sjcfk — jkL ) 
ff k (s “ \hL) 


^ 1 + 


IL\*\ 

G\k\L-iL)\s~hkL\ 


_ 1 , 1*1 _ < e l*/M.-fct/2)l 

“ + ( 2 |Jb| - l)|s-ifcL| - 

If N is defined by \NL - \L ^ | « | < iNL + i L, if s is in the right half-plane, 
and if indicates the omission of k = 0 and k — N, then for | « | > 10L 

0 _jv 1 1 -i i o [y/fi i 

V'" 1 <r 2 vl-i-l f i+l r - 

l fitnsyi = 1*1 i fc 

4 V—1 1 2 t""* 1 

+ F , Jf +I W ~ » - »i + 3? w (» ~ N - i)L 


2 * 1 

+ 1 (» - JV - J) 2 


^ 100 log I 5 I 

- M ■ 

This must hold just as well for 5 in the left half-plane. Thus for | s | > 10L, 
by the three results above, 


| TOO 

! sin 2ts/L 


£ 100L 


8 — <T/r 

8 -iNL 


1100 


It follows easily from this that 

(34.05) | T(s) | S (7,(1 + | s |) 1 V' |,|,t 


where £ = 3s. 

From the definition of <r* it follows that in an interval of length 500L there are 
at least 200^ not of the form X m - X n , (ra > 0). Let such v k in (-250L, 
250L) be denoted by n, r*, • • • , r 2 oo. Then by (34.05), 


Let 


T(s) 

(1 — s/t i) ... (1 - s/r 2 oo) 




^8 2»l (| / Ji 

(l + l*l ) 4 


HM = 


_ T(S - X n ) 



Then H n (s) satisfies (34.01). Also 


(34.06) \H n (s)\ < (l 4 . Ta 8 _ Xn|)< e cl11 , 

where we recall that c = 2 r/L. If 

SM = (2irp 2 £ HniS + Xn)e '”“ dS ’ 
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then by (34.06) 


I 0 n(u) I < c,. 


Similarly 

\q*(v) | < Cio . 

By the Cauchy integral theorem and (34.06) the path of integration for g n (u) 
can be closed in the lower half-plane if u > c giving g n (u ) = 0. A similar 
result holds for u < — c. Thus 


I 9n(u) 1=0, I u I > c. 

If h n (u) is defined as in (34.02), then clearly 

K(u) = J_" H„(s + K)e~ M ^‘ds = gM. 

This completes the proof of the lemma. 

Lemma 34.2. There exists a function <f>(u -f- iv) analytic in the upper half¬ 
plane v ^ 0 and such that 

(34.07) | <f>(u + iv) | £ C u e Cn \ v > 0, 

| | is even , and 

-2<Ku) 

(34.08) U(m)| SC-V., 

1 + u* 

where 6(u) satisfies the conditions given in Theorem LI. Moreover, if 


(34.09) 

4>(s) 

1 

(2*-) 1 ' 2 

[* 4 >(u)e itu du, 

J—oo 

them 




(34.10) 

1 *(s) I 

S Cu, 

1 V(») | 5 c lt 

and 




(34.11) 


$(0) 

= 1. 


In this lemma s is a real variable. 

Proof of Lemma 34.2. Let $i(u) be an even function of u defined for u > 0 
by 

6 x(u) = 4 6 (u) + 2 u m . 

Clearly 6 i{u) is monotone increasing for u > 0. Let 
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(u, v) 

By (32.10) the above integral defines X(u, v) as an harmonic function in the 
half-plane v > — 1. For u > 0 


Since \(u, 0 ) is even, it follows that, for all u, 

(34.12) X(m, 0) jj£ 28(u) + [ - w| l/2 . 

It is well-known that there exists a function n(u, v) conjugate to \(u, v). Let 
w = u + iv. Then 

g(w) = \(u, v) + in(u, v) 

is analytic in the half-plane v > — 1. Since \(u, v) ^ 0, 

(34.13) | e *"1 g 1. 

Along the real axis, by (34.12) 

(34.14) | e~ eM | g 
Let 


$i($) is not identically zero since it is the Fourier transform of e oiu \ Thus for 
some value of a, $ 1 ( 5 ) ^ 0. Let such a value of $ be a. Then 

< 34 - iw i!j*£*- Wr “ 

Let 


A —g(w)+iaw 


Then by (34.13), (34.07) follows, and by (34.14), (34.08) follows. Let <£($) 
be defined as in (34.09). Then by (34.15), (34.11) is satisfied. (34.10) follows 
easily from (34.08). This completes the proof of the lemma. 

Proof of Lemma 33.1. Using the terminology in the statements of Theorem 
LI and Lemmas 34.1 and 34.2, let us define 


(34.16) r n (u, B) 


iuBe~ iuK f u+c 
(2 ryi*k(u) K-e 


By (32.07) and (34.04) 
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ru+c f>B(u+e) 

I r n (u, B) | ^ C 6 B| u |e* “ / | <KBy) 1 dy g C7 6 | w / 1 *(y) | dy. 

J u~c Jb (it— c) 

Thus for | u | < 2c it follows from (34.08) that 

(34.17) | r n (u, B) | g C 6 \u \e ,<Xe) \ 4>(y) \dy^C w \u |. 

For | u | >2 c and B > 2 it follows from (34.08) that 

(34.18) | r.(«, B)| S C„\u \e‘ M f *( 2 /) dy g _£s_ 

>'| U | 1 + w 

Thus 

(34.19) f | r n (u, B) | du < Ca. 


From (34.16) we also have 


(2») 1 «fc(u) k W*(Bv)g n {v. y)e' K, dy. 

Treating each of the terms on the right in a manner similar to that used on 
(34.16), it follows easily that 


(34.20) 


A 

du 


\e iuK r n (u,B) 1 




1 + u 2 ' 


If we define 


Rn(x ’ B) = (2^W £ r » (u ’ B ^ zdu < 

it follows from (34.19) that 

(34.21) | R n (x } B) | < Cn . 


Also 

Rn(x + A5) = £r,(u, B)e‘^e <UI du, 

and integrating by parts, 

-**«„(* + A«, 5) = ~ui £ M«, B)e i “ x “) e < “du. 

By the theorem for Fourier transforms, Theorem E, and (34.20) 



GENERAL HIGHER INDICES THEOREM 


[X] 


200 

(34.22) [ z 2 | R n (x + \ n ,B) 1 2 dx g C 20 . 

J— op 

From this and (34.21) it follows by the Schwarz inequality that 

[ \R n (x, B)\dx < C 2 . 

J— 60 

This is (33.01). Again by the Schwarz inequality 

-x »/2 r V y2 fr Xn/2 dr V /2 

L lUx ’ B)l {L • 

Using (34.22) we have (33.03) at once. 

Clearly by (34.16) for real w 

T n {w, B) = £ k( ~ w ~ - y))h„(y)dy. 

But this definition shows that r n (w, B) is analytic in the half-plane v > 0 and 
continuous in v ^ 0. For v ^ 0, by (32.08), (34.07), and (34.04) 

I r»( w, B) | g B | w | Ae A[, °'C 12 e c ' lBv 2cC s . 

Or for B > 2 

(34.23) | r„(w, B) | S BC 21 e BCt,M , v 2: 0. 

By Theorems C' and C of Phragm6n-Lindelof, (34.18) and (34.23) imply that 
in the upper half-plane v ^ 0 

M«. B)e BCi,i '" | S 

From the definition of R n (x, B), it now follows that for x > 2BCn the path of 
integration can be closed in the upper half-plane giving 

R n (x, B) = 0, x > 2BCn , 

and this proves (33.02). 

(34.16) can be written as 

(34.24) - ^ . ' _ g )fc( “ ) = _J®_ £ k (u - y)<p{B(u - y)\K{y) dy. 

By the definition of k(u) we have 

£ r„(it, B)k(u)e i “ v du = £ r„(u, B)e i '‘' 1 du f K{x) e -' UX dx 

= ( 2 ^ £ K(x) dx £ r ” (w - 5 ) e ’“ < "" 1> ** 

= f K(x)R n (y — s, B) da;. 

«L.qq 
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The repeated integral here is absolutely integrable, so that inversion of the 
order of integration is permissible. The result can also be written as 

[ r n (u, B)k(u)e iUi du = f R„(x, B)K(y - x) dx. 

Integrating with respect to y, we have 

r* e iva — p iut r * 3 r a 

(34.25) r n (u, B)k(u) -r-^- du = / R n {x, B) dx K(y - x) dy. 

J— 00 I'll JL 00 J M 

Since r n (u, B)/u e L{- », oo) by (34.17) and (34.18) and since k{u) is bounded, 
it follows by the theorem of Riemann and Lebesgue that 

lim f r A u ’ . du = 0. 

<*—♦00 X-00 I'll 

Letting a —> oo in (34.25) we have 

(34.26) -£ r - ? ( y . ’| )fc(u) e ”“du = f RJx, B)dx f K(y)dy, 

since the repeated integral on the right is absolutely integrable. 

Let 

J n {s) = £ e tu * du j [ Hu - 2 /)^{R(w - 2/)) My) dy 

(34.27) * * c ' 

= 7 ^; J e l1i 'du J B<j>{B(u ~ y))My) dy J K(x)e~ tx(u ~ v) dx. 

That this repeated integral exists and is absolutely integrable is clear if it is 
written as 


JJs) = X £ K(x) dx £ K{y)e <vx dy £ B*{fi(« - 


It follows from (34.09) that 


(34.28) 


= ff.(a) £ dx. 


Since (34.26) is the transform of the left side of (34.24) and J n (s) is the transform 
of the right side, (34,26) and (34.28) are equal giving 

oo i*00 /% oo / \ 

(34.29) £ R„(x, B) dx J£ K(y) dy = H n (s) £ K(x)t> (£=^) dx. 


Since ^(Xm) = 0, (m ^ ri), (34.29) with s = X m gives (33.04). Since H n (K) = 
1, (34.29) becomes, with s = X n , 
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I R,(x, B) dx jf ^ K(y) dy = K(x)$ (^g- ) dx 

= jf X(*)|*(0) + | *'(») <*y| d*. 

Using $(0) = 1 and (34.10), as B -* <*> 

oo -oo I * 00 

f R„(x, B) dx f K(y) dy =1 + 1 K(x) dx | ♦'W <*V 

J—oo *\ n —X 90 


txi 


-J9 1 / 55 f>(Xn~x)/B 

= 1+ / if(x) dx I dy 

J_£l/S JO 

+(£"" + L) «*> {* (tv) ■ I(0) }* 
°(A*) + o(1) = 1 + o(1) ' 


= i + 


But this is (33.05). This completes the proof. 



CHAPTER XI 


THE GENERAL UNRESTRICTED TAUBERIAN THEOREM 
FOR LARGER GAPS 


35. Reduction of the general theorem to the basic lemma. In the last 
chapter we proved by an example, Theorem L, that the higher indices theorem 
is not true for K(x) — e~ x2/2 /(2x) l/2 . The question now arises as to whether a 
more stringent condition on }X n } than the condition X n +i - X n g L > 0 of the 
higher indices theorem would be enough to give an unrestricted Tauberian 
theorem for K(x). (By an unrestricted Tauberian theorem we mean one where 
there is no restriction on the size of the coefficients of the series involved.) We 
shall see that such a theorem exists and that for e“ xJ/2 /(27r) 1/2 the basic require¬ 
ment will essentially amount to 



The following theorem is an example of the results of this chapter and is a 
corollary of the considerably more general Theorem LVI that follows it. 

Theorem LV. Let 


taJ K{y) dy = f(x) 

i A n -x 

where the series converges uniformly for x ^ X for all X. Let 

(35.01) X n+ i - X n ^ X n ~ Xy,—i, n > 1. 

Let A (u) be the number of X n < u. Let K(x) e L(— qo ; qo) and let 

‘<•>-(3go 

Let there exist a function k(w), w = u + iv, coinciding with k(u) for real w and 
analytic for v ^ —28 for some 8 > 0. Let a(u) be a positive even function in¬ 
creasing for u > 0 such that 


(35.02) 

k ( w + ») 
log W) 


If 



(35.03) 

r dv. r M 

A (y) 


J i u 2 h 

y 

then 
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f(x) = 0(1), X ->oo, 

implies 

(35.04) a n = 0 (e AK ), n-* oo, 

for some A depending only on K(x) and {X n j. 

While (35.04) is not yet of the form a n = 0(1), it gives a sufficient hold on 
a n to make further deductions comparatively simple. 1 

Condition (35.03) states that the faster a(u) grows the slower A (u) must grow. 
For K(x) = e~ xil2 /(2w) 112 , k(u ) = e~ ut,i /(2x) 1/2 and therefore in this case a(u) 
is essentially | u |. Thus (35.03) becomes 

J i u % J i y 

This is equivalent to 



which in turn is equivalent to 

(35.05) E.-C “• 

1 A* 


It will be seen in Theorem LVIII that (35.05) is a best possible result. 

To avoid the somewhat restrictive condition (35.01), the following more 
general theorem is necessary. 


Theorem LVI. Let 


jta n [ K(y) dy = }(x) 
1 J\ n -x 


where the series converges uniformly for x S X for all X. 


Let 2 


(35.06) X„+i - \ n ^ L > 0. 

Let A (u) be the number of X„ < u. Let K(x) e L(— co, oo) and let 


k{u) = &r£ K(x)e ~ <u * dx - 

Let there exist a positive even function a(u) increasing for u > 0 and let 


(35.07) 


Pi(u) = 


max 


f 

Jo 


A(y) 

x 1 + y 1 y 


dy, 


1 Here we shall use the method of this chapter to show that (35.04) leads to a n * G(l). 
This fact also follows from a result of Pitt. H. R. Pitt, General Tauberian theorems, Pro¬ 
ceedings of the London Mathematical Society, vol. 44 (1938), p. 243, Theorem X. 

2 Condition (35.06) can be very considerably weakened without affecting the theorem 
and is of secondary importance here. 
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and for d > 0 let 

(35.08) p{u ) = min (5, pi(u)). 

Let there exist a function k(w), w — u + iv, coinciding with k(u ) for real u and 
analytic for v — p(u). For complex s let 


(35.09) 

log 

k{u + $) 1 
k(u) 1 

^ f * 1 ot(u), 

| 8 | ^ p(u) } 

(35.10) 

log 

1 k(w + s) 

1 k(w) 

^ M | w |, 

I « | ^ p(| W |), V ^ 0, 


for some M > 0. Let 


and let 

(35.11) 

If 

(35.12) 
then 


as x —* oo implies 


8 (u) — max {p(v)a(v)\ 


log 


k'(u + s ) 
k(u) 


= 8 {u) y 


L 


’ 0 (?*) 


cZu < 


/(*) - 0 ( 1 ) 


(35.13) a n = 0(e AX *), 

/or some A depending only on K(x) and {X n }. 


I * I £ p(w). 


ft —► 00, 


This theorem is the basic result of this chapter. To complete this result the 
following theorem is necessary. 

Theorem LVII. If in addition to satisfying Theorem LVI [or LV] K(x) = 
0 (e ~ u+t)x ) for some e > 0 as x —» °o, then 

(35.14) lim sup | a n | ^ Co lim sup [ f(x) \ 


for some Co depending only on K(x) and {X n (. 
From (35.14), Tauberian results, such as 

f(x) -► s 


implies 
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ao 

E = S 
1 


or such as 

lim inf {/(*) - *} = - 0, lim sup {/(*) - «} = 0 

implies 

lim sup £ — * = ^A 

n—*ao I 1 

follow quite easil y exactly as in the previous chapter, making it unnecessary to 

reconsider these results here. , 

That these results are best possible at least for K(x) — e /(2^) is shown 
by the following theorem. 

Theorem LVIII. If X„+i — X„ ^ L > 0 and 


(35.15) 



then there exists a sequence { a n \ such that 


- r- e -M 

Efln 7^T 2 = 

» 1 •bn-* C^TT) ' 


but 

ao 

Z) an 
1 


diverges. 

We now turn to the proof of Theorem LVI. This proof resembles that of 
Theorem LI in many respects, although it differs radically from it in certain 
respects. 

L emm a 35.1. If the conditions of Theorem LVI are satisfied , there exists a 
sequence of functions {R n (x )) such that 


(35.16) 

f | Rn(x ) | dx = 0(e AK ), 

v—00 


n —> oo, 

(35.17) 

Rn(x) = 0, 

X ^ Xn , 

n > 0, 

(35.18) 

f R n {x) dx f K(x) dy — 

J—QO •'Xjfc —X 

o, 

k 7 * n } 

and 




(35.19) 

T «.(*) dx f K(y) dy = 

J- oo J'Kn-x 

1 



where A depends only on K(x) and {X n }. 

* This condition can be very much weakened. 
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Before proving this lemma we shall use it to prove Theorem LVI. 

Proof of Theorem LVI. Multiplying the equation 

K{y)dy = f(x) 

by R n (x), integrating over ( - ®, ») and inverting the order of integration and 
summation as is allowed since R n (x) = 0 for large x, we have 

f Rn(x)dx f K(y) dy = [ f(x)R»(z) dx. 

Jb—1 J— oo JXjfc —x J—oo 

By the biorthogonal property of R n (x) this becomes 

a n = f f(x)R n (x) dx. 

By (35.16) and f(x)' - 0(1) this becomes 

a n = 0(e AK ), n —> oo. 

This proves Theorem LVI. 

36. Existence of auxiliary functions. Before proceeding further we shall 
prove that we can assume 

(36.01) lim ^ = 0. 

*-♦00 X 

For suppose that 

lim sup : a > 0. 


Then since A(s) is non-decreasing 
C 90 4.x 

Pi{u) = max / —— 

■'0 X 1 + l 


(36.02) 




lim sup 

*-♦00 


r 


4x 

x 2 + y 2 


dy lim sup 
y *-oo 



4x dy 
5x 2 2x 


2 A (a:) 

= ton sup i — 

*-*oo O X 



But if pi(u ) § 2a/5, it follows from the definition of 6(u) that a(u) must satisfy 
the requirements on 6(u ); that is, 


(36.03) 


< 00 . 


Since p(u) = min (5, 2a/5) and a(u) satisfies the requirements of 0(u), (35.09) 
implies (32.07), (35.10) implies (32.08), and (35.11) implies (32.09). Thus if 
(36.01) is not satisfied the hypothesis of Theorem LVI implies that the hypothe- 
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sis of Theorem LI is fulfilled and thus in this case Theorem LVI is proved by 
Theorem LI. (Actually in this case Theorem LVI is somewhat more restrictive 
than Theorem LI.) Thus for the remainder of this chapter we shall assume 
that (36.01) holds. Since pi(u) is a decreasing function and since pi(u) g 2a/5 
leads to Theorem LI, it is clear that we are interested only in the case where 
pj(u) —. 0 as u —> «=, and therefore where p(«) —* 0 as u — * 0. That p(w) —> 0 
is in fact implied by (36.01). 

Let C t , Ct, ■ ■ ■ be positive constants which depend only on K(x) and {\„J. 
(We shall assume that S is fixed for any k(w) and therefore also depends only 
on K(x).) Let 

(36.04) F(z) = 


Lemma 36.1. If the conditions of Theorem LVI are satisfied, there exists a 
sequence of functions (/„($)}, analytic for | s | > 0, such that 


(36.° 5 ) vs | F'(\ n ) | ’ 

and such that if C is a path about s = 0 
(36.06) ^./ c /„ ( sK 2 ' = F n {z) 

where 

F(z) 


(36.07) 


UZ) - nf 


F'(\ n )(z-\ n )' 


Proof of Lemma 36.1. F n {z) is defined as in (36.07). For s ^ 0 we define 
/«(*) by 


(36.08) 


= r F n (z)e~ 
Jo 


*dz 


wh^re the path of integration is along the line am z = — am $ — Jir, and there¬ 
fore along the path of integration e~ w = e -1 " 1 . Since we assume that A {u)/u —> 
0, by Theorem XXX, F(z) = 0(e' ul ) for any 6. Thus by the Cauchy integral 
theorem we can rotate the path of integration of f n (s) through any angle less 
than 90°. Therefore /„(s) can be defified in any sector of the $ plane whose 
angle is less than 180° by integrating along a fixed line in the plane (fixed for 
any particular sector). Thus/ fl (s) is analytic in such a sector excluding s = 0, 
and since the s plane can be covered by three such overlapping sectors, /„(«) is 
analytic in the entire s plane except for s = 0. 

From the definition of /»($), 


(36.09) 


!/.(«) I \F»(z) \e~ M 'dz 
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Using the prime on the product sign to denote the omission of the term k = n, 

(36.10) |F„(*)| 1 

or 

(36.11) 

Thus (36.09) gives 

(36.12) |/,(«)| : f (K + x) ft 

•'O 1 

Since 


(36.12) gives 


Let 


(36.14) 

Since 


(x + X n ) exp 



2a 2 My) 
x i + y 1 y 



My) 
2 V 


r Axy 

Jo (z 2 -f1/ 5 ) 2 y 


it follows that 


max 

xga(v) 


f 

Jq 


_ 

x 2 + y* y 


2« 2 (i0 A(y),.. 

Jo + y ay 




da;. 


^a(u) max 
2 *£«(«) 


/' 


4x 

x 2 + y 2 



1 

2 ' 


Since pi(u) —> 0, p{u) = pi{u) for large u. Using the above inequality in (36.14), 
we have therefore for large u 


Ji g 



Thus 
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(36.16) (x 
Let 

(36.17) 

Since for large u 

max dy = 5 , (x 

*£<*(« * 

For 1 8 1 S 


«(«) 


and evaluating the integral on the right we obtain 


(36.18) 


J 2 £ 


a 2 


a 2 (w) {2a(w)p(w) + 4 + 2X*p(w)). 


From the definition of p(w) it follows for large u that 

a(u) A (y) 


(36.19) 


a{u)p(u) > 

Jo 


’0 « 2 (w) + y 2 y 


Since the integral on the right, by (36.15), is an increasing function of a(u) and 
therefore of u, it follows that for large u 

a(u)p(u) ^ Cz . 

Thus (36.18) becomes for large u 

Jt < C t a 2 (u)e-° MfWI2 { a (u)p(u) + \ nP (u)}. 

Since a(u) is increasing and since with no restriction we can assume that \i > 1 , 
(36.20) J t < C 5 a 2 (w)A,! e ~ pM “ (u)/2 p (u)a(u 
Using (36.13) and the definition of J x and J 2 , 


By (36.16) and (36.20), 


(36.21) 


£ CraV) c „ 


I s I ^ pM- 



[36] 


EXISTENCE OF AUXILIARY FUNCTIONS 


211 


Using (36.19) 


Since 


Or 


y* y y 

i. y > v» 

1 r a w i i 

a(u)p(u) > - I ~ > - log a(u) - - log Xi. 
a y z i 


(36.22) a(u) 

Thus (36.21) becomes for large u 


Since a(u)p{u) % B(u), and since the term “large u” is used independently of 
n, this result gives (36.05) for u ^ uq for some Uq . But since p(u) is decreasing 
it follows that if (36.05) holds for u ^ uq it also holds for u < Wo by adjusting 
the constant Ci . 

We shall now prove that (36.08) implies (36.06). This is a well-known 
result. Let 


F n (z) = £ hz\ 


Clearly 


■ dz. 


For large | z | depending on e > 0, 

I Fn(z) | g «* 1 * 1 . 

If | z | = R on C and R is large, 


IM 



If k is large we can take R = k/e. Then 


(36.23) |C B ! 

From 

Ms) = f FM*'* 

Jo 


we have, if w = izs, 
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(36.24) Us) = ^ 

Taking w real and using the series for F n (z) 


The inversion of integration and summation is valid since the last sum (and 
therefore the preceding sum) converges absolutely by (36.23) for any 5^0. 
Using the last equality, 

ia dst hkl 

Jfc-0 

This completes the proof of this lemma. 

Lemma 36.2. There exists an entire function 4>(w) such that 

(36.25) ' 
and 

(36.26) i>’{u + iv) I ^ Cu 
6(u) satisfies Theorem LVI. Moreover if 

(36.27) 

(36.28) 

(36.29) $(0) = 1. 

Proof of Lemma 36.2. By Theorem XXVI and (20.08) it follows since 
I 00 10fl(2u 

/ - - < 00 

Jl U 2 

that there exists an entire function H (w) such that for Xi, depending only 
on d(u), 


(36.30) 


1 +u* ‘ 
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Also the Fourier transform of H(w), h(x) is such that 

(36.31) A(0) * 0. 

Let 


(36.32) 


*(„>, ?w 

' 4(0) 


Then if $(x) is the transform of <j>(u), 

HO) - 1 . , 

Also by (36.30) and (36.31) 

1 1 r du 


A similar result holds for $'($). Thus we have proved (36.28), and (36.29). 

Since 6(u) is an increasing function of \u\, (36.25) follows from (36.30), 

(36.31) and (36.32). By the Cauchy integral theorem 

*(*0 + *)fo 


where here C is a circle of unit radius about 5 = 0. By (36.30), (36.31) and 

(36.32) it follows that 


(36.20) follows at once, completing the lemma. 

37. Proof of the basic lemma. Proof of Lemma 35.1. Let 

(37.01) r n (u;, B) = ~ J^fn(&)k(w - s)B<f>(Bw - Bs)ds 

for v ^ 0, where C is the circle with center at s = 0 and of radius p(| w |). The 
functions on the right are defined in Theorem LYI or in the preceding lemmas 
and are analytic for | s | = p(\w\), v g 0, thus making r n (w ) B ) analytic for 
v ^ 0. Using 

log k( wr |s|a(u) - l3| = 

and 


’) I 


gives 

(37.02) 


!/-(•)I s 
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If | u | ^ 2p(0) this becomes using (36.25) 

(37.03) I r n (u, B) | ^ Be c ”°, I« I S 2p(0). 

If | u | > 2p(0), (37.02) becomes, using (36.25) and recalling that p(| w |) is 
decreasing, 

For B > 2 this becomes 

W I M I > 2p(0). 


Using this and (37.03) 

(37.04) | r n (u, 


From (37.01) it follows that 


d_ 

du 


r n (u, B) = 


k(u) 



uk'(u) 

k(v) 


S U B 


'(Bu — Bs)ds. 

By (35.11) and (36.26) in addition to the results used above in obtaining (37.04) 
it follows in the same way as did (37.04) that 

(37.05) < 

If R n (x, B) is the Fourier transform of r n {u, B), then by (37.04) 


By (37.05) and Theorem E on Fourier transforms 

f x*\Rn 0 
j— 00 

Using these last two inequalities and the Schwarz inequality 


(37.06) 
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Returning to the definition of r n (w, B) and again using the inequalities for 
f n (s), <fr(w)j and also the fact that 


gives at once 


log 


k(w + s) 
k(w) 


(37.07) 


| r n (w, B) | ^ 


\F%n)\ 


For large values of u, Q(u ) < u, for if this were not the case, 8(u n ) S u n for a 
sequence {u n }, u n —» 00 . Since u n —> qo ? we can assure u n +1 > 2 u n by deleting 
terms. Since 0(w) is increasing 


$(u) 


du > 


'u n 

< 72 c 


> y «• = 

“ i2u n 


which is impossible. Thus 6(u) < u and (37.07) becomes 


(37.08) 


r n (v 


It follows from (37.04) and (37.08) and Theorem (7 of Phragm6n-Lindelof that 
(37.09) | 


Since 

t,B) = ^L_£r. (w,B)e im dx, 

we can close the path of integration in the upper half-plane if x > C^B. Thus 

(37.10) R n {x , B) = 0, x > C 27 B. 

From the definition of r n (u, B), 

(37.11) = T / f n (s)k(w - 
Exactly in the same way as in (34.26), 

(37.12) - r r " iu ’ e'“ £ du = f" Rn(x, B) dx f K(y) dy. 

j-oc XU J~ OO Jt-x 

Let 

T*(() = f e iwl dw~. [ f„(s)k(w - 

C 


(37.13) 


= lim 1 


iwf i 


1 
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If we take C as a circle of radius p(A), then inverting the order of integration, 
we have 

T n (Z) = lim — f /„(s) ds f e wi k(w - s)B<j>{Bw — Bs) dw. 

A —*00 2lrt • c J—A 

Using the Cauchy integral theorem this becomes 

A+* 

+ f )e iwt k(w - s)£</,(J3u> - Bs) dw. 

J A+t/ 

Making an obvious change of variables, 

UZ) = lim — 

i r ~ A+> 

lim — / , — Bs)dw. 

a -*<>o 27rt Jc 

Inverting the order of integration in the first integral above and using 


gives 

(37.14) = F n (Z) f e‘ £ “ k(u)B<t>{Bu) du 

+- oo 

where 

/i as _L f f n ( s ) ds f e"° l k{w — s)B<t>(Bw — Bs) dw 
2m J c j-a 

and h is the other similar term. Since C is of radius p(A) on the path of inte¬ 
gration (— A, — A + s), 

k(w - s) £ «u),u) 

Using this and the inequalities for /„($) and $(w), 

jaU) e *U) £~ 

Since B > 2 and since p(A) —> 0 as A —> », it follows that 

lim Ii — 0. 

X-* 00 

Similarly with J 2 . Thus (37.14) becomes 
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e ,iu k(u)B(t>{Bu ) du 

oo 

i^i /2 [_" e% ^ du £ tuv dy 

'u) du 

The last result with (37.11), (37.12) and (37.13) gives 

(37.15) R n (x, B ) dx JT K ( y ) dy = Fn{& £ ~ dy 

But F n (\k) = 0, h ?£ n. Thus 

(37.16) f R n (x,B)dx f =0, 

J -°0 A k -Z 

Since F n (\ n ) = 1, (37.15) gives 

[ R n (x, B) dx f K(y) dy = [ K(y) If (0) + f 

J~°0 J—vo Jo 

Since $(0) = 1, this becomes 

v r 00 r 00 r°° r <*n-v)/s 

(37.17) / R n (x, B) dx / K(y) dy ^ 1 + K(y) dy dx. 

v — CO •'X*— X tl —00 Jo 

Since | $'(x) | < Cm, 

r (\ n -v)/B 

(37.18) $'(x) dx 

Jo B 

Also since | $(:c) | < C l6 

| AK-v)IB 

(37.19) / *'(x)dx < 2Cib • 

I Jo 

Thus if Cz o is so chosen that 

then by (37.18) and (37.19) 

0^n~~V)JB /»Cjo 


If we take B = B n = 4Cn(X„ + 1), then by (37.17) and the above inequality 
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Thus if we set 

(37.20) 

then |t» [ = 5- ^ 

(37.21) 

Then by (37.06) 


f R n (x, B n ) dx f K(y) dy 
J-n 

*-£ 


*1 - 1 - 


, l 
2* 


f 

J\ n -x 


Rn(x) 


= Rn(.X, Bn) 

7 n 


I R n (x) I dx < Czt 


Since by Theorem XXX, | F'( X.) | > «“**, (35.16) follows at once. (Since 
I f'a ^ i > g" 10Xft would do just as well, it is clear that X„ + i X* L > 0 can 
be very much relaxed.) By (37.10), (35.17) follows. By (37.16), (35.18) 
follows. By (37.20) and (37.21), (35.19) follows. This completes the proof 

of the lemma and therefore of Theorem LVI. 

38. Proofs of the remaining theorems. Theorem LV is proved by showing 
that its hypothesis implies Theorem LVI is satisfied. 

Proof of Theorem LV. (35.06) and (35.09) are obviously satisfied. Clearly 


n 

\n 


n + 1 _ ft(Xn+l " Xn) " Xn 


Xn-fl Xn X n +1 

Since X n +i - X* is increasing, 

ft(X n +l ~ Xn) = (Xn+1 “ ^«) (^ n ” ^n-l) 

Thus 


(X 2 “ 


n 

X“ 


Xn +1 


X n 

Xn Xn+1 


\ n —> 00 , otherwise we have Theorem LI. Thus it follows that for 

n n + 1 
X n Xn+1 


But Xn+ 
large n 

(38.01) 

If 6 > a and \ N g b < , A n 5 a < X n+ i, then clearly 

A (a) + 1 > n + 1 

CL Xn+1 

If N > n then by (38.01) it follows that 
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giving 

(38.02) 


A(a) A(6) 

T’ 


b > 


If n — N then A (a) — A (6) — n and since b > a, (38.02) is true here also. 
By (35.07) 


Using (38.02) 


s max 


If” 4x " 

~l ^ dV \ 


By (38.02) for large x 

AW+! s 1 f'AW+J 4 pj») 
y x y 


Thus 

(38.03) 

Clearly 


^ max 


(?P» 


Using (38.02) for large a, 


Thus (38.03) gives 


Since A(?/) ^ 1, {y > Xi), the above inequality implies 

(38.04) Pi(«) g % / W A(y) dy. 

a{u) Jo y 

Since for large w, p x (w) -> 0, it follows from (38.04) for large u that 


a. 
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f a(tt) i / \ 

dy. 

y 

Thus (35.03) implies (35.12). 

In the paragraph following (37.07) it was shown that for large u, 6(u) < u. 
Thus a(u)p(u) < u for large u and therefore (35.02) implies (35.10). 

Since k(w + s) is analytic for | s | ^ 5 and v £ —6, 

k(w + s) = k(w) + sk'(w) + 0(| s | 2 ) 

for small I s |. Thus 


From this for small | s | 


k(w) u k(w) ' 

Taking am 5 = - am (k'(w)/k(w)) and taking the real part of the above 
equation, 

m 


Since it is given that 

, k(w + s) . , , 
log S 1 8 1 

a(M), 

it follows that 

k'(w) 

k(w) 

v § 

Setting w = u + s, | s | 

S 8, this becomes 



| k’(u + s) | 
k(u + s) 


Combining this with (35.02) it follows that 


log k ' {u + - s) 

6 k(u + s) 

log Ku + s) S|,j 

a(w) + log a(| u | + |*|). 


Or 


l0g ~ ~ ~ ^ S I + log «(| u I + I s I). 

By (36.22) log a(u) < 2 $(u) + log C». Thus 
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(38.06) log I k s) I 6 ( u ) + 2 e(2u) + log C,, 


This result while it is not exactly (35.11), serves quite as well as (35.11) in the 
actual proof of Theorem LVI if we replace B(u) by the larger function 6(2u) 
throughout the proof. This completes the proof of Theorem LY. 

In proving Theorem LVII we require the following lemma. 


Lemma 38.1. 
(38.07) 

as | w | —> oo. 


If Theorem LVI is satisfied, then for any c > 0 and any 6 > 0 


k(w + {) 

~wr 0{e ]> 


If I gc.^0, 


Proof of Lemma 38.1. From (36.22) 

log a(w) g 2 8(u) + log C 8 . 

Thus by (35.12) 


Therefore 


<*G// 


Since a(u ) is increasing this gives 

lim a(u) f ~ = 0 
u^oo Ju y 2 

or 

lim^=( 

u-foo U 

Thus for any c > 0, 

(38.08) a(u) < e' M , 

But from (36.22) for large u 


u —» co. 


Since a(u) is increasing it follows from this and (38.08) for large | u | that 
(38.09) p(w) > e _,|u| . 

By (35.10) for real £ 




222 GENERAL TAUBERIAN THEOREM FOR LARGER GAPS [XI] 

For large | w |, p(| w |) is decreasing. Thus 

p(w + J) Z p(2 | w |), ^ c. 

Let | | ^ c, 

{. = fo - np(2 | W I), 
and let N be the integer for which 

—p(2 | M> |) S fo - Np (2 | w |) < p(2 | to 

Then 

log | n S N. 

Adding from n = 1 to n = N 

log £NM\w\. 

Also 

log M\w\. 


Adding the above two results and observing that, from the definition of N , 

N £ 1 + -IH - c ^ 1 


it follows that for large | w | 
log 


Jo) 2 cM | w | 


By (38.09) 


l0 ' m 

Redefining e, (38.07) follows at once. 

Lemma 38.2. If Theorem LVII is satisfied, there exists a sequence of functions 
{ R n (x, B )}, such that 

(38.10) f \R„(x, B)[dx < Gw, 

(38.11) |«.(*,£) | dr <%, 

•*-“ X„ 

R n (i, B ) = 0(e~ 2Ax ), 


(38.12) 
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(38.13) 

and 

I R n (x, B)dx 1 K(y)dy = 0 , 

*'—00 JXjc—x 

k n, 

(38.14) 

lim / R n (x,B)dx K(y)dy = 1 . 

B—+OC J—QQ "\ n ~X 


Proof of Lemma 38.2. Let 

_p,,—iuX^+l fu+c 


(38.15) 

r n (u , B) = 



where c = 2it/L and 4>(u) and g n (u) are defined as in Lemmas 34.1 and 34.2 of 
Chapter X. Using (38.07) and proceeding exactly as in the proof of Lemma 
33 . 1 , (38.10) and (38.11) follow at once. 

Let 




~ By)h n {y) dy 


for v ^ 0, w = u + tv, Then for w ~ u this definition (Toincides with (38.15). 
For v 0 , r n (w, B ) is analytic. Also for v ^ 0, by (38.07) and (34.07), 


(38.16) 
as 110 I 


r«(i 0 , B) 
Since 


0{B\w\ 


— coth(u+iv) I2A 


dl cosh 


u + iv 

~ 2 J" 


= cosh — cos —5 
2 A 2 A 


if 0 g v g 2A, 

and therefore 

(38.17) 


cosh 


-co«h u>/2A 


tV 1 \w\I2A 
~ > 100 ’ 


Therefore if e < £A, (38.16) gives 

(38.18) r n (w, B) = 

Since 


0 g v 


it follows from (38.18) and the Cauchy integral theorem that 




i 


oo+2iA 
a0+2 iA 
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and by (38.18) 


R n (x } B) = 0(e -2A *), 


This proves (38.12). 
Let 


. . 6 f *° -oo«htf/2A iwx J 

(38.19) T ^ = TrL e 

By (38.17), the Cauchy integral theorem can be applied as above to (38.19) to 

T(x) = 0(.e* AM ), 


give 


and thus 


£ \T(x)\dx 


< CO. 


Also by the Fourier transform theorem, Theorem E, 
£ T(x) dx = ee~° oA 0 = 1. 

o—oo 


If we now treat 
(38.20) 


J k(u — y)e 


—co§h(u— y)liA 


4>(Bu - By)h„(y) dy 


-w ( 2*) 1 ' 2 . 

in the same way as in the proof of Lemma 33.1 and in addition use (38.19), we 
have 

J R n (x, B)dx j'_'K(y)dy 

(38.21) ,oo /„ _ 2 * — y\ 

= H.(s) £ K(x) dx £ T(y)$ ^- 5 —*) dy. 


)‘ 

(38.13) follows at once on setting s = X* , k ^ n. If s = X n then, as B -> 00 , 
£ Rn{ X, B) dx JT X(y) dy = £ K(x) dx £ T(y)*(£--£ — -£y 

= £'^K{x)dx ££ T{y)i£- ~ £ Z £ dy + o(l). 


(38.22) 


But 


\ ,(X rt —*— v)IB 

Xn ~~* - Ij = $(o) 4- jf *'(y) dy 


= 1 + 1 


MSB 1 ' 2 , MSB 1 ' 2 , 


J5 —► oo. 
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Thus formula (38.22) gives (38.14). This completes the proof t>f the lemma. 
Proof of Theorem LVII. We have 

(38.23) K(y) dy = f(x) 

i J K-x 

with f(x) bounded, and by (35.13) 

(38.24) a» « 0(e AK ). 

Multiplying (38.23) by R n (x , B) 

(38.25) f R n (x, B) dx^2 a k f K(y ) dy = [ R n (x , B)f(x) dx. 

J-oo 1 •'Xjfe— * J 

Clearly 

| R n (x, B)\dx'jt f K(y)dy 

\ k -x 

£ r\R n (x,B)e u+ ' u \dxt f \K(y)\dy. 

*'“ 00 l J\ k -X 

Since K(x) = 0(e~ u+,)x ) 

f \K(y)\dy < Ce- <x ‘- l)u+,) 

x 

for some C independent of k and x. Thus 
(°° \R n (x,B)\dxt\a k 1“ K(y)dy 

•l—oo 1 I J\ k —X 

gC ( I Rn(x, B)e u+,)x IdzZU, |e- a+,)x *. 

J- 00 l 

Thus by (38.10), (38.12), and (38.24) the order of integration and summation 
in the left side of (38.25) can be inverted. Using (38.13) and (38.14) this gives 

a„ = lim / R n (x, B)f(x) dx . 

J9-*oo J—oo 

By (38.10) and (38.11) this becomes 

lim sup | a„ | Css lim sup \f(x) |, 

n —*oo z-»«o 

which completes the proof. 

Proof of Theorem LVIIL Let 

o(w) = n 

i 

Let w = re'\ Then if A(0 is the number of \ n < t, 
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log | G(r 
Integrating by parts, 
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re 


r cos Q 
~t 


s6-l)+r cos 0 A(0 
- r 2 t 2 


dt. 


For | 8 | S Jir, 2 cos 2 0 - 1 ^ 0 and therefore 


log I <?(»*) | ^ -r 2 


But (35.15) is equivalent to 


(38.26) 


am ff*. 


Thus for any o > 0 

(38.27) log | G(re <# ) | g -3ar cos 8, I 9 | g 

for sufficiently large r. By deleting some of the X„ it is always possible to make 


without affecting (38.26). Thus if 


then Theorem XXX holds. Thus by (38.27) and (21.06) for large r 

/on nn\ _ " „-2arcoa$ | a | 1_ I _ \ 

^ ; F(re tf ) 

Clearly 

-~)e 

Thus as above 


log = s f l SLi 

S Fire") Jo t 2 


f f m t( 1-2 cos 2 9) + r cos 8 A(f) 


F{re u ) Jo t 2 — 2rf cos 9 + r 2 t 2 

For iir g | 9 1 g Jir, 1 — 2 cos 2 9 g 0, and thus 


dt. 
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log 


G(re id ) 

F(re id ) 


S —10(1 — 2 cos 1 


/*oc 

6) I 

■ \ 1 n 


r 2 dt 

- — r cos 0 


x i q t 2 -j- r 2 t 


f 


_T_aW 

l 2 + r 2 f 2 


dt 


S -5(1 - 2 cos 2 6) [ d ~-r cos 9 f dt. 

•'Xln t & JQ t* 


Therefore 


(38.29) log 


G(re tf ) 

F(re") 


= 5(1 — 2 cos 2 0) log ~^ r cos 0 f 

Aio 2 Jo 


r A(0 


dt. 


From (38.29) if w = w + w, 
(38.30) 


0(w) 


F(w) 


Xio 


By (38.26) for any a and sufficiently large r (38.29) gives 
\G(re ie )\ 


log 


I F(re id ) 

Combining this with (38.28), if w = u -f iv, 


S —2 log r — ar cos 0, 


4 t ^ 


(38.31) 
Let 

(38.32) 


G(w) 

F(wj 


0 


(S)' 


u ^ 0, | w — X* | ^ £L. 




Since (38.31) holds for any a, we can close the path of integration in the above 
integral to the right for any real y giving 


(38.33) 


f(y) = H 




G(\ n ) 


r f’{k) ■ 


By (38.30) it also follows from (38.32) that f(y) is uniformly bounded for real 
y. Thus there exists 


(38.34) 


^L f{y)e ~ uV2dy=s - 


(2?r) 1/2 . 

By (38.27) and (21.07), (38.33) converges uniformly for y ^ -x. Thus 




( 2 - 


~X n j/—v*/2 


dy. 


Making an obvious change of variable in each integral on the right 


( 2 *) 


1 f rf \ — i / 2 /2 i y' G{\ n )e n f 

w«L }(y)e d y = ?~nKrl 


X*/2 /. °o — y 2/2 


'(X n ) lx+X„ (2tt) 1 ' 2 


dy. 
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By (38.34) it follows that 

, , .. v gg^ r fV ' n dv = s 

(38.35) j!!?7W 

On the other hand (21.05) implies here, for any < > 0, 

F'(w) = 0(e' 1 ” 1 ), 


Thus for large n 


Also for 0 ^ x ^ 1, 


— 1(1 + x)e~‘ - e -1 ’] = x[2e *’ - f*l > 0. 
da 


Since for x = 0 


(1 + x)e 1 S e x \ 


it is true for 0 g x g 1. Thus for u > 0, 


sn^nfi+jV" 

X n £u x»>« \ A */ 

^ n n ^ u2/x ”. 

X»£u X n >« 


Since X n ^ nL, it follows that 


e.gz a <i(i+io g f) 

Xfi^Jt* A n n L^u TlL L\ U/ 


vly y J_ < I 1 
X 2 » n z L 2 = Lu-L' 


[ W I —> 00. 


G(u) ^ exp {- (1 + log u/L)u/L - w 2 /-k( w ~ £)l* 

And therefore for large n 

G(K) ^ e“ 10Xn {ogK,L . 

Combining this with (38.26) it follows that 
r (?(X n )e x * /2 

J-” 1 FRJT ’ *• 

But these are the coefficients of the series (38.35) and therefore their sum must 
diverge. This proves Theorem LVIII. 



CHAPTER XII 


ON RESTRICTIONS NECESSARY FOR CERTAIN HIGHER 
INDICES THEOREMS 


39. A restricted higher indices theorem. We have in the last two chapters 
succeeded in obtaining general theorems which state that under certain condi¬ 
tions on K(x) and {X n }, and with no restriction whatever on {a„}, 


implies that 


lim 

*-*oo 


00 J* oo 

Is.] 


K(y)dy 



s 


In the case of K(x) = e -x,/2 /(2ir) 1/2 there was no general theorem if X n satisfied 
nothing more than X n+ i — X n ^ L > 0. In the example we gave to show that 
this was the case 


(39.01) 


= (—l)V a/2 

ft! 


Here a„ is very large. The question arises as to whether or not it is possible for 

« r°° e -v*i* 

lim jL,a n TTTvrr^y = s > W - X n Si L > 0, 

*-00 1 J K-X (2t) 1/2 

and yet for a n to diverge if a n is somewhat smaller than in (39.01). We shall 
show that this is not possible. In other words with a very mild restriction on 
the size of a n and X n +i — X n ^ L, a Tauberian theorem follows for K(x ) = 

e-* ,/2 /(2i r ) 1/2 . 

A general result of this type is true for a large class of K(x) which fall under 
the unrestricted Tauberian theorem of the last chapter. Actually we shall 
give a complete proof only for K(x) = e~* ,/2 /(2 t) 1/2 . The reason for this is that 
a general statement would be very complicated and lack precision. However 
the method of proof used will be easily applicable to other K(x), and wherever 
any part of the proof for e"~ ll/2 /(27r) 1/2 does not generalize in an obvious manner 
we shall point out exactly how that part does generalize. 

The theorem for K(x) = e~ x%l2 /(2ir) m follows. 

Theorem LIX. Let 

00 “1/2/2 

(39.02) ZaJ £ rWi dy=f(x). 

l J\ n -x {Ztt ) 11 

If X„+i — X„ ^ L > 0 and 
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( fl 2X 2\ 

(39.03) a„ = O^exp |-X 2 „ - log X„ - 

where y(u) is increasing, y f {u) < m/u, and 

(39.04) 


then 

(39.05) lim f(x) = s 


implies 

(39.06) 


or 

(39.07) lim inf {/(x) - s\ = - lim sup {/(*) - s\ = ft 
implies 

(39.08) lim sup 

n-» oo 

! Co depends only on L. 

How Theorem LIX would be stated for K(x) other than e x 12 /(2r) 112 will be 
clear from the proof. 

Theorem LIX is a best possible result in the following sense. 

Theorem LX. For any A > 0 there exists a sequence {a n } such that 
(39.09) a n = 0(exp \\riL 2 - 2 n log n — An}), 

and 

00 pM 

(39.10) lim O'n / = s. 

x-»oo 1 * nL—x 

But 

(39.11) lim 



The proof of Theorem LX is quite simple and can be given at once. 
Proof of Theorem LX. Let 


(39.12) 


f{y) = -hL 


too-fl/2 


wLy—2Aw 


ioo+i /2 sin irwT(l + 2 w) 


dw 


By Stirling’s formula, (41.07), if w = u -f iv and | am w | £ f w, then 
(39.13) | F(1 + u + iv) 1 ~ (2ir) 1/2 exp { ~v tan” 1 v/u+ (u + §) log | w | — u}. 
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Thus 


0(e' w ) 


T(2 + 2 iv) 

and therefore (39.12) implies that/(y) is uniformly bounded (—<*>< y < «>). 

Also by (39.13) the path of integration in (39.12) can be closed in the right 
half-plane to give 

J® (_~[\n —nLy~%An 

f(y) — y~] --'_ 

JKyJ "r ir(2n)!(l -f* n) 3 * 

Multiplying each side by e~ v%n and integrating 

00 ( 1 \ n ~2An 


L x 


„!/2 


i x(2»)! (1 + n) 3 


£ 


(->l) n g“ 24n+ri2 ^ 2 / 2 

■jr(2n )! (1 + ft) 3 


£ 


e ~xLv~v^ dy 
-(V+nL) 2/2 


dy. 


Or 


Z OO 0 ° / 1 \n n i L i l2—2An 

x e-^f(y)dy^^~ lU 


r 

J nL-% 


-1/2/2 , 


i 7r(2n)!(l + nf J nL - 
Since f(y) is uniformly bounded, this gives (39.10) at once with 

^_jjft 2An 


d n — 


7r(l -f- n) z (2n )! 


That (39.09) and (39.11) are satisfied follows at once. 

40. Proof of the theorem. We now turn to the proof of Theorem LIX. 
As stated before, the method of proof will be a general one. In order to best 
show this we shall occasionally use the more general notation K(x), k(u) and 


max 


k(w + £) 
k(w) 


< «(M) 
= e > 


v ^ 0. 


In our proof, of course K(x) — e~ x * /2 /(2Tr) 112 , k(u) = e~ u * 12 / {2ir) 112 anda(| w |) = 
vL | w | + tL). For the rest of the chapter Ci , C 2 , • • • will be used to repre¬ 
sent positive constants depending only on L. 


Lemma 40.1. There exists a set of entire functions {H n (s )) such that 


(40.01) H n (\k) = 0, (h n), H n (\ n ) = 1. 

H n (x) € L{ — oo, ) and its Fourier transform is h n (u) where 

(40.02) h»(u) — 0, | w 1 > t/L , 

(40.03) | Kiu) | < C{h c n \ 

(40.04) | h' n (u) | < CiX?. 

Lemma 40.1 would remain the same for any K(x). 
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Proof of Lemma 40.1. n is kept fixed throughout the proof of this lemma. 
Let 

„ = kL if | kL - X„ + | > iL for all m > 0, 

a k = kL if kL — X„ + X» = \L for some m, 

« = X. - X. if -iL ZkL-\ m + K< H. 

Then 


and 


(Tk+l - Vk = 


Let 


Then as in (34.05) 

(40.05) T ( s ) 


where t = $s. . 

From the definition of a k it is clear that M contains [\ m - M- Also it 
| x ji +10 - N | < 1 and if k < -N, then <r* ^ X m - K for any m since for 
k < -N, <F k lies to the left of all \ m - A« . Thus if C 7 is an integer and C 7 > 
Ct + 4 and if 


N+c 7 / ^ 

ffn(s + Xn) = T(s) n \yz~s] 


then (40.01) is satisfied. By (40.05) 


kL 


-X„ 


Since ] NL — X n | = HL, if | s | > (Ci + 20 )L, 

(40.06) I HM | I 

Since ff„(s) is an entire function this must also hold for | «| g (C» + 20)L if 
Ct is adjusted. 

Let 

(40.07) 

By (40.06) if u > ir/L, the path of integration in (40.07) can be closed in the 
lower half-plane giving hju) = 0, u > v/L. A similar result holds for u < 
- ir/L giving (40.02). From (40.06) and (40.07) 
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from which (40.03) follows at once. (40.04) follows similarly. This completes 
the proof of the lemma. 

[In a general theorem it would be necessary at this point to set up another 
lemma to prove the existence of a function, $(w), analytic in the upper half¬ 
plane, v ^ 0, and such that 


where 0(u) is even and monotone increasing for u > 0, and 

J i u 2 

Also \fr(w) is to be of as small an order as possible in the upper half-plane speaking 
qualitatively. To be precise i£(w) is constructed as follows: 

Let N be the smallest integer so that 

du < oo. 


Obviously N > 0 otherwise the requirements of Theorem LI would be satisfied 
and an unrestricted Tauberian theorem would be true. For e~ xi/ \ N = I. 
Whatever N may be, let 

sin (N + 1)0 - 


Then since 


1 Re* (Re*)* 

J - Re id { £* +1 

U(R, 0) is Analytic in the upper half-plane and is equal to a(R) for R > 1 and 
$ = o, or S = tt. Let V(R, 0) be the conjugate function to U(R, 0). Then if 


R N+l Z sin (N + 1)0- 

cos i i 2 ) 


In case K(x) = e xVi /(2t) 1/2 it will suffice to take $(w) = T(1 - 2iw/L)] 
Lemma 40.2. There exists a sequence of functions {/£ n (z, B)} such that 

(40.08) f |fa*,B)|dx<C*X£ 10 , 

v— 00 

R n (x, B ) = 0(exp{|Lx - 0(ce L * /2 ))), 


(40.09) 
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if 8(x) is monotone increasing and 

(40.10) l ^dx < co, 
and c is a positive constant depending on B. Also 

(40.11) f Rn(x, B ) dx [ K(y ) dy = 0, h^n, 

J—oo •'Afc—* 

(40.12) lim f R n (x, B) dx f K(y) dy = 1. 

B~*x J—oo •'An -2 ' 

Proof of Lemma 40.2. Let 4>(w) be defined as in Lemma 36.3. Let 
'(1 — 2 iw/L). Let 


Then it follows easily that 

ar*"*- - 2 f) 

and in particular then that 

ds = 1. 


In general terms let 

—i w R r rlL 

(40.13) r n (w, B ) = J_ r/L hn 

In the case under discussion here 
/ -iwB f Tl 


Since 


max 


and since 

max e“ Tlu|/L ), 

it follows that 

/ r IL 

| hM<t>(Bu - B£) | dZ. 

*IL 

Using (40.03) and Lemma 36.3, we get in the same way as in Lemma 33.1 
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r n (u, B) | £ 

Proceeding similarly we obtain a similar result for r' n (u, B), and using these 
results just as in Lemma 33.1 gives 

R n (x, B) | dx < 

where Rn(x, B) is the Fourier transform of r n (u, B ). This proves (40.08). 
Exactly as (38.20) gives (38.21), (40.13) gives 

r Rn(x, B) dx r K(y) dy = HJs) f K(x) dx f ~ x ~ z )dz. 

J—OO Jg—X J- 00 J—a B / 

(40.11) follows at once on setting 5 = \ k . Setting s « \ n and proceeding as in 
(38.22) gives (40.12). 

It is the condition (40.09) which causes us to write this theorem for a particular 
case rather than in general terms. For this condition is obtained by con¬ 
sidering integrals along various curves in the complex plane and does not 
express itself at all simply in general terms except at a considerable sacrifice of 
precision. 

Here 

R ’ Xx ’ B) = csp L e ~ im dw {■ iBw LL m 

(40.14) 


By the Cauchy integral theorem the path of integration can be deformed to P 
where part of P consists of a semicircle in the upper half-plane of radius r and 
center at w = 0 and the rest of P is ( — <», — r) and (r, <x>). Thus using (40.03) 
for A„(J), 

max -~(w- = O(|^|e (2 ’ logl “ l,/i ), t Z 0, 


and Lemma 36.3 for <f>(Bw — /i£), (40.14) gives 
\R*(x,B)\ \ 


(40.15) 


r tI . |2 exp{ Ci7jB»-9(|Bt*) + g(2i > logM )} 1^,1 
' ],. 6 ltC| 1 +B i u i 


Let the radius of the semicircle in P be 

r = exp { \L{x - CvrB - 1)). 


Clearly (40.15) can be written as 
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\R n {x,B)\gCiX’Br 3 ^ exp jr sinf^-x + CnB + j log - 8(jBr cos t) j (it 




+ 5V 


Using the definition of r this gives 

\Rn(x,B)\ gCieX^flr 8 f f 
h 

[ f 3,/4 

L 


Since S(u ) /u -4 0 as u -> », as we have shown several times, the last inequality 
gives for large x, R n (x, B) = 0(BrV"* (J>r/1) ). This gives (40.09) and completes 
the proof of the lemma. 

[(40.09) depends on the K(x) used and will be very different for different K(x). 
The rest of the proof involves the use of (40.09) and therefore the detail is 
significant only for e~ z ' ft although the general idea involved in proving Lemma 
40.4 does not change with K(x).] 

T.-F.MMA 40.3. If y{u) satisfies (39.04), there exists a monotone increasing 
function, S(u), such that i(u) <x> as u -> », 

(40.16) 5'(u) « 0 (l/u), 
and 

(40.17) / - < 

J i u 

Proof of Lemma 40.3. Let 


y 

Then j«„J is a monotone decreasing sequence and e„ -* 0 as n 
n\, 7i2 1 ■ • • be a sequence of increasing integers such that 


Let 



2 J ’ 


1 


Let 
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Then obviously 


But 


00 

E 

n—n 

Let 

(40.18) 

Then 

(40.19) f 
On the other hand, 

f 


n—O 


00 . 


oo nk—1 

y V < y 

fc "2 njt-! ftjfc — 2* _1 




6n 

2 n> 


n—0 


2 < 00 . 
n—0 

Or integrating by parts 

(40.20) fh(t)dt< oo. 

Let 


2 n +i 


Then by (40.19), 5(w) 
Since 


&{u) = log [ h(t)dt. 
Ja 


oo as u -> oo. By (40.18) /i(/) ^ 2/£ since 6 n ^ 1. 


relation (40.10) follows from (40.19). Inequality (40.17) follows at once from 

(40.20) . 

Lemma 40.4. If Theorem LIX is satisfied and f(x) = 0(1), then 

(40.21) a n = 

Proof of Lemma 40,3. If we show that we can invert the order of summation 
and integration in 
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f Rn(x, 

J— 00 


Jts) ax z. 

i 


. dy = / #„(*, £)/(*) dz, 

J-oo 


then by Lemma 40.2 


a n | ^ lim sup f | R n {x, B)f(x ) | dx = 

B—*oo *'—00 


Thus this lemma depends on showing that the order of summation and integra¬ 
tion above can be inverted. This can be done if 


(40.22) 

Clearly 


S| a k \f \R„(x,B)\dxJ e vt ' 2 dy 

1 J- oo J \k~ * 


Hk) = £ 


(40.23) 


(log X*)/l 


exp 


\l + O^k log \k)/L — Kl°g Xfc) 2 /Z/ 2 } f | R n (x, B) | dx. 

J— 00 


(40.24) 


Finally 


f \R„(x,B)\dx r e~ um dy 

Ajfc/2 ■'Xjfc-x 

e~" ,/2 dy f | R»(x, B) \ dx < 10 f \R n (x,B)\dx. 

At /2 J Xjfc/2 


(40.25) 


g f 1 ' 2 \R n (x, B)\e-^ m dx 

■'(log Xjb)/^ 

£ e~ x ‘ /2 max | RJx, B)e XtI \ f e~ x ‘ l2 dx. 

(logX*)/L^z^Xfc/2 *'—» 


It is clear that (40.22) is equivalent to 


(40.26) 


Lkl \Ji(k) + Hk) + J,(k)\ < ». 

A**l 


Z\a k \Hk) < 

fc-1 


(40.27) 


OO 
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follows easily from (40.23) and (39.03). We shall see that we can assume that 
8(x) > (log xf for large x. Thus (40.09) gives 

R„(x, B) = 0(exp (|Lx - (log c + j Lx) 3 }), 

or 


Rn(x, B) 

Thus for large X*, (40.24) becomes 

J 2 (X*) = o( f e 
\h k n 

This implies that 

Jt(k) = 0(e~ x l n ). 

But this last result and (39.03) give 


X oo , 


^ | | JiQt) , 


Thus of (40.26) there remains to be proved only 
(40.28) Za k Jz(k) < oo. 

i 

Let 

< 40 . 29 ) w-iiml-imr 

where 5(u) satisfies Lemma 40.3. Then by Lemma 40.3 
(40.30) — du < oo. 


Let 

Then 


g(y) = 


It follows at once from (40.16) that for large u, g'(u ) > 0. That is, g(u) is 
monotone increasing for large u. Let 6(u) be the inverse function of g(u). 
Then 8(u) is monotone increasing for large u. Also by (40.30) 
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du 

g(u) 


< 


Integrating by parts 


i; 




Let x = <?(«)• Then the above inequality gives 

n «>*<«. 


I 


This is (40.10). Also since d(w) i ,(L«/ 10 M), and sinco ,'(«) < M/« implies 
that )(«} = 0 (log «), R follows that «.) - 0(1« «) -<><»'> lot l»n!e «■ 

Thus for large u ul/s 

ff(w) < e “ 

or if x = g(u) 

(log x) < 9(x). 

Thus for large x, 6(x) satisfies all requirements. Moreover for small x we can 
change fl(*) to meet any requirements without affecting anything in the following 

argument. 

By (40.09), 


(40.31) 


max | R»(x, B)e Xl,x 

(log 

0 ( max exp 

\(logX*)/Lgi<oe 






Let ce Lxn = y. Then 


max 


Jfc- 


We observe that for large k, 6(y) is involved only for large y. Let 6(y) - u. 
Then 

k —> oo, 
)b —> oc. 


(40.32) 


_ ~ / J3+2Xfc/X.)(log*(«)- log e)-u\ 

J 4 (fc) = O ( max e ) > 

\0(cXj/ J )<u<w / 

~ / (3+2Xjb/L)(lof «+i3(tt)'- log c)—u\ 

= 01 max e ) > 

\0gii<oo / 


\0gii<oo 

Let the value of u which makes 

(40.33) ^3 + ^ (log u + 0(u)) - u 

a maximum be uo. Then differentiating, 
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Or 

( 3 + t) {1 + 

From the definition of |8(w), (40.29), 

0 '(«) < 


Since y'(u) < M/u this gives 


Thus 


fl'l 


Vo. 


VlO Mj' 


(z + ~yi+M) > u,. 

Or assuming M > 1 as we may with no restriction and assuming k large, 


Since Uq makes (40.33) a maximum, (40.32) now gives 

Ji(k) = 0(exp [(3 + 2Xjfc/L){log (10 M\ k )/L - - log c}]). 

From the definition of fi(u), this gives with c redefined 

Ji(k) = 0(exp [(3 + 2Xi/L)|log X* + 7 (X*) — 3(Xjfc) — log c})). 
Thus since $(X*) —> » as k —> °o, 

Ji(k ) = 0(exp [(2Xjt/L){log X* + y(\ k ) - 1)]), 

Recalling the definition of Ji(k) and using this in (40.25), 

+ ^ io g x t + 2X ‘ 

From this and (39.03) it follows that 


and this completes the proof of the lemma. 

Proof of Theorem LIX. By (40.21) it follows that 

a n = 0(e K ). 

From this Theorem LIX follows using exactly the same proof as for Theo¬ 
rem LVII. 




APPENDIX 


41. Theorems used. The following theorems are frequently referred to. 
They are all contained in Titchmarsh, Theory of Functions, Oxford, 1932. 

Theorem A. (Jensen.) Let f(z) be analytic for | z | < R. If /( 0) ^ 0 and 
n(x) is the number of zeros of }(z) in\z \ g x, then for r < R 

(41.01) j' n -^ dx = 1 jf log \f(re'*)\dd - log |/(0) |. 

It follows from this that even if /( 0) = 0 

(41.02) ( r ^±dx<~ f T log I /(re i9 ) \dd +A 

J i x Zt jo 

for some constant A depending only onf(z). 

Theorem B. (Carleman.) Let z = x + iy and letf(z) be analytic for x 0. 
Let the zeros of f(z) in (1 g | z | S R, | am z | g £?r) be r x e i9 \ r 2 e <h , .. • , r n e*\ 



is some constant depending only onf(z). 

This theorem can obviously be modified to allow for/(z) analytic for x > 0 
and continuous for x ^ 0. 

A trivial addition to the proof of the above theorem gives 

Theorem B'. Let z = x + iy and let f(z) be analytic for x £ 0. Letf( 0) = 1 
and let the zeros in (| z | ft, | am z | 2* be r x e xh , r 2 e t6 \ • • • , r n e i6n . Then 

£ (- - sV° s = -4 r i c ° s ed9 

\r* ft 2 / irfi J-t /2 

(41.04) + hi (“j ~ ^i) lo & I/(*'?/)/( -»V) I dy 

/'( 0 )+/'( 0 ) 


Theorem C. (Phragm6n-Lindelof.) Letf{z) be analytic in the region between 
two straight lines making an angle ir/a at the origin and on the lines themselves. 
Suppose that 
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(41.05) \f(?)\£M 

on the lines and that as r <*> 

f(z) = 0(e ,e ), 

where P < a, uniformly in the angle. Then (41.05) holds throughout the region. 

Theorem C'. (Phragm4n-Lindelof.) Let z - x + iy and let f(z) he analytic 
for x ^ 0. Let 


and if 


then for (r °o, | 8 | g ?t), 

(41.06) fire") = 0(rV a 001 * +6|,ln #l)r ). 

Theorem D. (A special case of the Hadamard factorization theorem.) If 
f(z) is an entire function such that 


M = 0(e l * |,/ ‘), 


then 


f(z) = a 2 V*n(l - i)e‘" 

*-i \ Zk/ 

where { 2 *} are the zeros of f{z) not at the origin and n is the multiplicity of the zero 
at the origin. 

Theorem E. (Fourier transform.) Let f(z) <■ L(— <*> , »). Let 
F(u) = f 

v— 00 

Then at any point where f(x) is continuous 


Also if f(x) eL 2 (-~ ° 0 , 00 ) f 

I F(u) \ 2 du = [”\f(x)\ 2 dx. 

j — 00 J— 00 

Theorem F. (Stirling’s formula.) 

(41.07) log T(1 + z) = (z + j) log z — z + $ log 2tt + o( 1) 
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for (| z am z | £ t — d) 7 (d > 0), where each logarithm has Us principal 

value. 

In Chapter IV we require the following theorem on Fourier transforms. 1 

Theorem G. Let fix) tL p {- oo, oo), 1 < p £ 2. Then there exists a func¬ 
tion F(u) oo, oo) where q = p/(p — 1) and 

f(z)e iu *dx 

converges in the qth mean to F(u) as A —► oo . Also 

)Vq 


and wherever f(x) is continuous 


In Chapter III we make use of the following result which we shall prove here. 
Essentially this result bears the same relation to Carleman's theorem as the 
Poisson-Jensen theorem does to Jensen’s theorem. 

Theorem H. Let z = x + iy and let f(z) be analytic for y 2s 0. Then for 
0 < 6 < tt and 0 < r < R 


r sin i 


log ]/(s 


+ r* 


(41.08) 


dx 


This result will be derived by first proving an equality. 

Proof. We consider 

uim 1 

taken around the semicircle (| { | = 22, 0 < am £ < x) and along (—22, R) in 
the positive direction and starting from the point (22, 0). We first assume there 
are no zeros in the semicircle. Taking the real part of the above integral we 
obtain r sin 6 multiplied by the right side of (41.08). By the residue theorem, 
(41.09) is equal to log /(re") and the real part is log | /(re") |. This proves 
(41.08) (as an equality) when there are no zeros in the semicircle. 

1 Titchmarsh, A contribution to the theory of Fourier transforms , Proceedings of the 
London Mathematical Society, vol. 23 (1934). 
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Let there be a zero inside the semicircle at Zi . Let 

„, N z — Zi R 2 — 

IW 

Then fi(z) has no zeros in the semicircle and thus (41.08) holds for/i(z). But 
on the semicircle 


- Zi K* “ 2 ] 

Thus the right side of (41.08) is the same for /i(z) as for f(z). The left side 
becomes 

9 j | x . e ie - ZjR 2 ~ zire ' 9 \ 

(41.10) r g j n q r sin 0 e t0 — Zi R 2 — 


Since 


in the semicircle, the second term in (41.10) is positive and can therefore be 
dropped giving the inequality (41.08) for /(*). How several zeros would be 
handled is now obvious. 

As regards zeros on the boundary of the semicircle, the path of integration 
of (41.09) can be deformed so as to exclude these zeros by tracing small semi¬ 
circles of radius p about them and proceeding as above. If we let p —> 0 then 
since p log p -> 0 the integrals on these small semicircles will tend to zero. This 
completes the proof. 




